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Abstract. We introduce a class of Levy processes subject to specific regularity conditions, and 
consider their Feynman-Kac semigroups given under a Kato-class potential. First we analyze intrin- 
sic ultracontractivity and related properties of the semigroup refining them by the concept of ground 
state domination and asymptotic versions. We establish the relationships of these properties, derive 
sharp necessary and sufficient conditions for their validity in terms of the behaviour of the Levy 
density and the potential at infinity, define the concept of borderline potential for the asymptotic 
properties, and give probabilistic and variational characterizations. Next we analyze the rate of 
decay of eigenfunctions at infinity. We prove bounds on A-subaveraging functions, from which we 
derive two-sided sharp pointwise estimates on the ground state, and obtain upper bounds on all 
other eigenfunctions. These results are amply illustrated by key examples. 
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1. Introduction 

Jump Levy processes differ in a number of essential ways from Brownian motion. In this paper 
we focus on two aspects of this qualitatively different behaviour under the effect of a potential (or 
penalty function) on the paths. One is a strong smoothing property of the semigroup of such a 
process called intrinsic ultracontractivity. The other is the rate of decay of its eigenfunctions. These 
two properties are related and in this paper we will discuss the extent of this relationship. 

We consider a class of symmetric jump Levy processes satisfying specific regularity conditions. 
One condition is given in terms of the convolution of their jump intensities by a restriction to a 
subset of the full state space in relation to large jumps. Another is existence of transition densities 
and their uniform boundedness in space after at least a sufficiently long time. A final condition 
requires sufficient regularity of the Green function for specially chosen balls. These conditions 
are formulated in Assumptions I2.1H2.3I below. As it will be seen, they are satisfied by important 
classes of Levy processes, including many cases of interest such as rotationally symmetric stable and 
relativistic stable, mixed stable, geometric stable, jump-diffusion, symmetric stable-like processes, 
and others. 

Next we introduce a potential function V and study the Levy processes perturbed by it in terms 
of their Feynman-Kac semigroups {Tt : t > 0}. Under a suitable choice of V, which we call A-Kato 
class associated with Levy process (X t )t>o (see Definition 12.11 below), the semigroup {T t : t > 0} 
is well defined and consists of symmetric operators. We additionally assume that V(x) — > oo as 
\x\ — > oo, which implies that all Tt are compact and have a discrete spectrum. The corresponding 
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eigenfunctions (p n form an orthonormal basis in L 2 (R d ,dx) and satisfy T t ip n = e~ Xnt (p n , where 
Ao < Ai < A2 <•••—)• oo. All <f n are bounded continuous functions, and each A n has finite 
multiplicity. We call ifo ground state, which can be shown to be unique and strictly positive. 
Since a ground state <po exists, we can define the intrinsic Feynman-Kac semigroup 

(1-1) T t f(x) = ——T t ( Vo f)(x) 

ip (x) 

which is a Markov semigroup on L 2 (R d , ip^dx). Whenever Tt has an integral kernel u(t,x,y), the 
operators Tt are given by the kernels 

(1.2) u{t, x, y) = -— — -—. 

The intrinsic Feynman-Kac semigroup {T t : t > 0} describes a stationary Markov process which is 
called P(4>)i -process associated with potential V [75"1 \9\ [47] . 

Intrinsic ultracontractivity (IUC) means that T is a bounded operator from L 2 (R d , tp^dx) to 
L°°(R rf ) for every t > 0, or equivalently, u(t,x,y) < C for all x,y G R d , with an appropriate 
constant C dependent on V and t. IUC has been first introduced in [32] for general semigroups of 
compact operators and it proved to be a strong regularity property [31]. Important examples include 
semigroups of elliptic operators and Schrodinger semigroups on function spaces over R d or bounded 
domains of R d with Dirichlet boundary conditions [31 EU HJ HU [62j [77] . More recently, IUC has 
been addressed also in the case of semigroups generated by fractional Laplacians, and fractional and 
relativistic Schrodinger operators [271 EH E51 E7J EHJ 061 ST] , as wen as f° r more general symmetric 
[37] and non-symmetric [49] Levy processes in bounded domains. In the context of parabolic partial 
differential equations [641 [65] obtained integral representations of the non-negative solutions of the 
Cauchy problem when intrinsic ultracontractivity holds. 

As it follows from our previous analysis, it is of interest to consider also the property that 
u(t, x, y) < C, for all x, y £ R d and sufficiently large t only, which we call asymptotic intrinsic 
ultracontractivity (AIUC). This is weaker than IUC, and we have seen in the case of fractional 
P(^)i-processes [ITJ that it has an immediate impact on the support properties of their (Gibbs) 
path measure. One important consequence is that AIUC is equivalent to 

e Xot u(t, x, y) 
cpo(x)ip (y) 

which means that the distribution of the corresponding P((j))i process rapidly tends to equilibrium 
as t — > 00 with decay rate given by the spectral gap Ai — Ao- This, in turn, has an offshoot on the 
efficiency of practical sampling of conditioned processes, see e.g. [59~1 HP]. Also, it implies that the 
kernel u(t, x, y) takes the shape of the ground state exponentially quickly, in particular, the decay 
of the eigenfunctions ipi,tp2, — will be dominated by the decay of the ground state. 

A basic question we address in this paper is that given the class of jump Levy processes considered, 
what are conditions on V making the Feynman-Kac semigroup {Tt : t > 0} IUC or AIUC. The 
answer is, roughly, that this is decided by how the asymptotic behaviours of V and | log v\ at infinity 
compare, where v is the Levy density. We further refine IUC-type properties by considering a ground 
state domination (GSD) property and its asymptotic version for sufficiently long times (AGSD). 
We clarify the relationships of these properties (Theorem 12. 5p . and give precise necessary and 
sufficient conditions (Theorems 12.61 and I2.T[) for them to hold. Our results recover the known facts 
for stable processes [Ml H7] and relativistic stable processes [57] , and give a unified characterization 
generalizing far beyond these only available results, also shedding new light on existing results 
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for diffusions |32] 131]. Corollary 12.31 gives a sharp description of the borderline potential V(x) x 
| log v(x)\ distinguishing (A)IUC from non-(A)IUC. In comparison with the classic result which says, 
roughly, that IUC holds for a diffusion when V grows in leading order super-quadratically, it is seen 
that for a jump Levy process it is "easier" to be (A)IUC than for a diffusion. We give an explanation 
of this in terms of a balance mechanism between the competition of killing and survival of paths 
(Proposition 12.2ft . and give a probabilistic characterization (Propositions [2731 and l2~4"j) . Furthermore 
(Theorem 12.8] Corollary 12. 4p , we obtain a second characterization of AIUC in terms of minimizing 
a free energy functional appearing as the difference of an energy and an entropy associated with the 
Levy measure (see (|2.1ip - (l2.13p below), and obtain the borderline potential as the solution of this 
variational problem. Due to the role played by the entropy this also explains why log v appears in 
this expression. 

A second basic problem we address is to derive pointwise bounds on the eigenfunctions for a given 
Levy process and V. We obtain sharp lower and upper bounds (Theorem I2.4p showing that the fall- 
off of the ground state follows the tail behaviour of the Levy density with corrections resulting from 
the contribution of the potential. Furthermore, we obtain upper bounds on all other eigenfunctions 
(Theorem 12. 3| Corollary 12. ip . Under a reasonable condition we derive a more explicit expression 
of the dependence of the decay on V (Corollary I2.2|) . We note that, importantly, the ground state 
estimates follow without any need to use results on the (A)IUC properties, unlike in the previous 
work |57j . Our considerations lead naturally to defining A-subaveraging functions as counterparts to 
A-superaveraging functions known in potential theory, and we prove two results on them (Theorems 
12.11 and I2.2H . Although it makes the paper longer, we find it useful to discuss important (classes 
of) examples in relation to both the ground state bounds and the IUC-type properties. We also 
discuss in some detail which types of specific cases are covered by the Levy processes we tackle in 
this paper, as well as interesting cases which fail the assumptions or the IUC-properties. 

We note that our results can also be considered from the perspective of the correspondence 
between jump Levy processes and non-local operators, which are their generators. Indeed, via a 
Feynman-Kac representation our results are as well about the decay of eigenfunctions and IUC-type 
properties of semigroups related to generalized Schrodinger operators whose kinetic terms are given 
by the generators of these processes. A specific class of operators covered to a large extent by our 
results are of the form A) + V, recently studied in [41 [ 142] . where ^ is a Bernstein function 
with vanishing right limit at zero (i.e., no killing term), giving the Levy exponent of a subordinator 
[6l [73]. These operators correspond to subordinate Brownian motions under potential V, and 
include important cases of non-local operators like fractional Schrodinger operators (— A) a / 2 + V 
(see Examples 12. 2( li) and !2.3f 1) below), relativistic Schrodinger operators (— A + m 2 / Q ) a / 2 — m + V 
(Examples I2.2( liv) and 12.3( 3)). jump-diffusion operators a(— A) Q//2 — 6A + V (Examples I2.2f liii) 
and I2.3f 4)) and many others. Some of these operators have been widely studied from both a 
probabilistic and an analytic point of view ^ [III [121 [76l [2^ [57l [Ml ESI [46l [13 

The basic input object in this paper is a Levy process, therefore we mainly use probabilistic 
methods. Roughly speaking, these methods build on a combination of sharp uniform estimates 
on the local extrema of functions harmonic with respect to the sub-process obtained under the 
Feynman-Kac functional of the Levy process (Lemma 13. If) developed only recently in p~4] (see also 
|51j). and powerful enough estimates of the expectations of this functional with respect to the path 
measure of the process (see the proofs of Theorems 12.11 and 13. ip . Estimates of harmonic functions 
were previously used in a similar context in the case of rotationally symmetric stable processes in 
[5H1 HS1 H7] , however, the methods there are tied to this class of processes and cannot be extended 
directly. The upper bound on the expectation of the Feynman-Kac functional is proved by extending 
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a jump estimation scheme (see eqs. (|3.1ip . ()3. 12|) and (|3,2ip below) which was originally devised 
in \17\ [57] for rotationally symmetric stable and relativistic stable processes. To make use of it in 
our more general framework we need a substantial step, including strengthened estimates of jumps 
of the process between some specially chosen annular sets (see Subsection 13 . 2|) generalizing and 
improving those in |57j essentially. This will be achieved by using a new technique based on the 
uniform estimates of harmonic functions, and by introducing and exploiting the pivotal Assumption 
12.1( 3). which turns out to be very general and rather natural. Since IUC has been much studied in 
operator semigroup and PDE context, we find it important to develop a probabilistic understanding 
of it, and our methods serve this purpose well. 

The remainder of the paper is organized as follows. In Section 2 we state the main results. 
First we introduce the class of Levy processes which will be considered and test the conditions on 
examples. The next two subsections are devoted to presenting the estimates on A-subaveraging 
functions, ground states and the higher order eigenfunctions. The last two subsections present the 
results on intrinsic ultracontractivity and ground state domination, including examples. In Section 
3 we provide the proofs in a similar division of the material by the topics. 



2. Main results 



2.1. A class of Levy processes 

Let (Xt)t>o be a Levy process in R d , d > 1. We use the notations P x and E x , respectively, for 
the probability measure and expected value of the process starting in x G R d . Recall that {X t )t>o is 
a Markov process with respect to its own filtration satisfying the strong Markov property, and has 
right continuous paths with left limits (cadlag paths). It is a basic fact that {Xt)t>o is completely 
determined by its characteristic exponent tp given by the Levy-Khintchine formula, i.e., for £ G H d 



E° 

holds with 



e <t-x t 



HO = -»7 • £ + M • £ + J d (l - e^ z +it-z l {W <i}(*)) "(dz). 

Here 7 G R d {drift coefficient), A is a symmetric non-negative definite d x d matrix {diffusion or 
Gaussian coefficient), and v is a Radon measure on R d \{0} such that J Rd (l A \z\ 2 )v{dz) < 00 {Levy 
measure). The defining parameters (7, A, v) are called the Levy triplet of the process. {Xt)t>o is 
said to be symmetric whenever Xt has the same distribution as —Xt for all t > 0. In this case 
^(f) = ^(-f), f G R d , i.e., 7 ee and v{B) = v(-B) for all B G £(R d \{0}), and then the 
characteristic exponent reduces to 



il>(0 = M-S+ I (l-cos(£ •*))!/(£&). 



Whenever v{dz) is absolutely continuous with respect to Lebesgue measure we denote its density 
by v{z) and call it the Levy (jump) intensity of {X t )t>o- When A = and v ^ 0, the process 
{X t )t>o is said to be a purely jump Levy process. For more details on Levy processes we refer to 
[21 [721 [351 El- 

We will use throughout the notation C{a,b,c, ...) for a positive constant dependent on parameters 
a,b,c,..., while dependence on the process {X t )t>o is indicated by C{X), and dependence on the 
dimension d is assumed without being indicated. Since constants appearing in definitions, lemmas 
and theorems play a role later on, we use the numbering C\,C2, ■■■ to be able to track them. We 
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will also use the notation / x Cg meaning that C g < / < Cg with a constant C, while f >z g 
means that there is a constant C such that the latter holds. 

For the remainder of the paper we make three standing assumptions on the Levy processes we 
consider. 

Assumption 2.1. (Xt)t>o is a symmetric Levy process with Levy measure absolutely continuous 
with respect to Lebesgue measure. The corresponding jump intensity u(x) is strictly positive and 
satisfies the following three conditions: 

(1) For every < r < 1/2 there is a constant C\ = C\(X,r) > 1 such that 

u(x) X Civ{y), r < \y\ < \x\ < \y\ + 1. 

(2) There is a constant Ci = C2{X) > 1 such that 

v{x) < C 2 u(y), 1/2 < \y\ < \x\. 

(3) There is a constant C3 = Cs(X) > 1 such that 

/ v(x — z)v{z — y)dz < C3 v(x — y), \y — x\ > 1. 

J\z-x\>l/2, \z-y\>l/2 

Conditions (1) and (2) are clearly satisfied when e.g. v(x) x x G R d , where k : (0, 00) — > 

(0,oo) is a non-increasing function such that k(s) < Ck(s + 1), s > 1/2. Condition (3) provides 
a regularity of the convolutions of v with respect to large jumps. While (l)-(2) can be seen as 
technical conditions, (3) has a structural importance. 

Example 2.1. We illustrate the assumption above by some classes of examples of interest. The 
first three examples satisfy conditions (l)-(3) of Assumption 12. \\ the last ones are counterexamples. 

(1) Let v{x) x \x\- d ~ a {\ + Ixl)""' 3 , x e R d , for a G [0,2) and /3 > 0. This class includes a 
large family of symmetric Levy processes. The most studied cases of this class are listed in 
Example EJ2 (l)(i)-(iii), (v) and (3) below. 

(2) Also, if u(x) x K(|x|)|x|~ d ~ a , a £ (0,2), where k : [0,oo) — > (0,1] is a non-increasing 
function such that k(0) = 1 and k(o)k(6) < Cn{a + b), a,b,C > 0, then all conditions on v 
are verified directly. Examples include k(s) = l/log(e+s) and k(s) = l/(log(e+log(l + s))). 

(3) A case of special interest is v{x) x e"^ \x\~ d ~ s {I + \x\) d+& ~^ with a > 0, > 0, 5 G [0, 2) 
and 7 > (see Example 12.21 (4)). In this case condition (2) always holds, condition (1) 
is satisfied when f3 S (0, 1] without further restriction, and condition (3) is satisfied when 
moreover 7 > (d + l)/2. This case covers the important class of rotationally symmetric 
relativistic a-stable processes (a = m 1//Q , (3 = 1, 7 = (d + d + l)/2, with m > and 
5 £ (0, 2)) and (exponentially) tempered symmetric stable processes (a > 0, j3 = 1, 7 = 6+d, 
5 G (0,2)), see Examples E2] (liv) and (4). 

(4) For /3 > 1 in case (3) above condition (3) of the assumption is not satisfied. Similarly, at 
least in one dimension, it fails when f3 = 1 and 7 = (d + l)/2. Note that while Assump- 
tion 12.11 covers many important processes that appear through subordination of standard 
Brownian motion |13j . it is not true that every subordinate Brownian motion satisfies it. A 
counterexample is the one-dimensional geometric 2-stable process (see Example 12.21 (l)(vi) 
below). In this case v(x) x e - ^' \x\ > 1/2, and condition (3) of Assumption 12.11 fails. 

Denote by Ptf(x) = E x f(X t ) the transition operators of the process (X t )t>o- Recall that (X t )t>o 
has the strong Feller property if Pt(L°°(~R d )) C C b (R d ), for all t > 0. 
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Assumption 2.2. The process (Xt)t>o has the strong Feller property, or equivalently, the one- 
dimensional ~P X -distributions of (Xt)t>o are absolutely continuous with respect to Lebesgue measure, 
i.e., there exist transition probability densities p(t, x, y) = p(t, y — x, 0) =: p(t, y — x). Furthermore, 
there exist 4 > and C4 = C^(X, tf,) such that < p(tb, x) < C4, for all x G R d . 

Note that the first part of the above assumption is satisfied by a large class of Levy processes 
including subordinate Brownian motion [50] provided that they are not compound Poisson processes. 
Boundedness of the density is equivalent to e~ tb ^^ G L 1 (R d ) for some % > 0. In this case p(tb,x) 
can be obtained by the Fourier inversion formula. Clearly, this property extends to all t > tf, by 
the Markov property of (Xt)t>o- For more details on existence of transition probability densities 
for Levy processes we refer to |54j and references therein. 

We note for later use that under Assumption 12.21 transition densities po{t,x,y) of the process 
(Xt)t>o killed upon exiting an open bounded set D C R d also exist. In this case the Hunt formula 

(2.1) p D (t,x,y) =p(t,y -x) -E x [t d <t;p(t-T D ,y - X TD )}, x,y G D, 

holds, where td = inf {t > : Xt ^ D} is the first exit time from D. The Green function of the 
process (X t )t>o on D is thus given by Go{x,y) = pn(t, x,y)dy, for all x,y G D. 

Since our results rely on a use of potential theory we need some more regularity of (X t )t>o- 

Assumption 2.3. For allO<p<q<R<l we have sup x£B ^ Qp ^ sup y£B ^ 0q y Gb(o,r)( x ,u) < °°- 

In many cases Assumption 12 . 31 is a direct consequence of time-space estimates of the function p(t, x). 
Indeed, it is clearly satisfied when the boundedness condition holds with G B ^ 0R ^(x,y) replaced by 
the potential kernel G R d(x, y) = p(t, x, y)dt or, as proved in [HI Proposition 2.3], the A-potential 
kernel G^ d (x,y) = J °° e~ xt p(t,x,y)dt, A > 0, whenever the process (X t ) t >o is recurrent. 

One of our key arguments following below uses some estimates (see Lemma 13. ip on the lo- 
cal extrema of functions harmonic with respect to the sub-process of (Xt)t>o obtained under its 
Feynman-Kac functional. These bounds are a direct consequence of more general results of Bogdan, 
Kumagai and Kwasnicki obtained recently in [14] . To borrow these results, we need to match some 
assumptions made in this paper, however, since we consider symmetric Levy processes, Assump- 
tions [2J] (1), E2] (without requiring boundedness of p{t,x)) and 12.31 provide sufficient regularity of 
(Xt)t>o to allow a use of [14] . The remaining conditions in Assumption 12.11 are independent from 
this context and together with condition (1) for r = 1/2 only they will allow to draw more regularity 
of the Levy intensity v needed in controlling jumps in Subsection 13.21 below. Similarly, boundedness 
of p(t,x) in Assumption 12.21 guarantees sufficient regularity of the process needed below. 

We now test these assumptions on some important specific classes of Levy processes. 

Example 2.2. 

(1) Subordinate Brownian motions with characteristic exponents ifr such that e~ tb ^^ G L 1 (R a! ) 
for some t& > 0, whenever their Levy measures satisfy Assumption ^. li Since in this case v{x) 
is radially decreasing, condition (2) of Assumption 12.11 is automatically satisfied, however, 
not necessarily the remaining conditions (1) and (3). Condition (1) is always satisfied as 
long as v(x) < Cv(y) for all \x\ > 1, \y\ = \x\ + 1, and a discussion of condition (3) 
has already been made in Example 12.11 The transition densities p(t, y — x) are given by 
the subordination formula, i.e., by the integral over time of the Brownian transition kernel 
with respect to the distribution of the given subordinator. Since also e~ tb ^^ is integrable, 
Assumption 12.21 is satisfied (in particular, (X t )t>o is not a compound Poisson process). 
Lastly, Assumption 12.31 follows from a similar bound for the potential or A-potential kernel, 
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which is again a consequence of the subordination formula and an easy estimate. Below, 
(i)-(iv) are specific examples of subordinate Brownian motion of special interest satisfying 
all of our assumptions, and (v)-(vii) are examples where the situation is more complicated. 
For properties of subordinate Brownian motion and further examples see |13| . 150 } 173" ! l8j. 

(i) Rotationally symmetric a-stable process. Let -0(0 = \£\ a -> a £ (0>2). In this case 
u{x) = C{a)\x\- d - a . 

(ii) Mixture of independent rotationally symmetric stable processes with indices a and j3. 
This is obtained for y(£) = a\^\ a + b\£\ p , < < a < 2, a, b > 0. We have v(x) = 
aC(a)\x\- d - a + bC(P)\x\- d -P . 

(iii) Jump-diffusion process [SHIM!- Let = a\^\ a + 6|£| 2 , < a < 2, a, b > 0, i.e., the 
process is a mixture of a rotationally symmetric a-stable process and an independent 
Brownian motion. In this case v(x) x aC(a)\x\~ d ~ a . 

(iv) Relativistic rotationally symmetric a-stable process |70tl21|. Let = (\^\ 2 +m 2 ^ a ) a ^ 2 — 
m, a G (0,2), m > 0. It is known that v(x) X e- ml/a W\x\- d - a (l + \x\^ d+a - 1 ^ 2 ) (see 
e.g. [57]). 

(v) Rotationally symmetric geometric a-stable process [?U[38]. Let = l°s(l + 

< a < 2. In this case i^(x) x |x| _d (l + Notice that ^ is now a slowly varying 

function at infinity. In contrast to the previous examples, in this case there is t(a) > 
for which the transition probability densities are unbounded for < t < t(a) \13\ p. 
117], though they are bounded for large t. 

(vi) Rotationally symmetric geometric 2-stable (or gamma variance) process. Let = 
log(l -I- |£| 2 ). In this case u(x) X \x\- d e~^ (1 + |x|) (d ~ 1)/2 . As in Example O (4) , at 
least in dimension one, the Levy measure does not satisfy condition (3) of Assumption 

EU 

(vii) Iterated rotationally symmetric geometric a-stable process. Let = log(l + log a (l + 
|£| Q )),0<a<2. It can be checked directly that the transition densities are unbounded 
for any t > (see [13, p. 117]) and the second part of Assumption 12.21 fails. 

(2) Symmetric Levy processes with non- degenerate Brownian part |52j . Let (Xt)t>o be a Levy 
process with characteristic exponent 0(£) = c|£| 2 + J R d(l — cos(z • £))v(dz), c > 0, i.e., a 
sum of Brownian motion with rescaled time (i?2ct)t>o an d an independent symmetric Levy 
process (Yt)t>o with Levy measure v satisfying Assumption 12.11 In this case the transition 
densities are given by the convolution of the Gaussian kernel and the distribution of the 
process (Y t )t>o (note that we do not need to assume that (Y t )t>o has transition densities) 
or by the Fourier inversion formula, and they are clearly bounded for all t > 0. Thus 
Assumption 12.21 also is satisfied. In one dimension Assumption 12.31 easily follows from a 
similar bound for the corresponding A-potential kernel. In higher dimensions, the required 
upper bound for A-potential kernel can be proved by showing that, for instance, for every 
e > there is t e > such that 

(2.2) P°(Y t ei)< C\A\, whenever A C B(R d ), dist(0, A) > e, t G (0,t e ), 

(here |^4| denotes Lebesgue measure of A) with constant C = C(Y,e) independent of t 
and the specific A. Specific cases are jump-diffusions as above and many similar processes 
in which the rotationally symmetric stable process is replaced by other symmetric Levy 
processes (Y t )t>o satisfying Assumption 12.11 and condition ()2.2|) . 
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(3) Symmetric stable-like Levy processes |23j. Let a G (0,2) and (X t ) t > be a purely jump 
(i.e., with no diffusion part) symmetric Levy process with Levy intensity v{x) x C\x\~ d ~ a , 
x G R rf . It is known [23J that (X t )t>o has bounded continuous transition probability densities 
such that p(t,y — x) x t~ d / a A i|y — x\~ d ~ a , t > 0, x,y G R d . In this case Assumptions 
12.11 and 12.21 are clearly satisfied, while Assumption 12.31 is an easy consequence of a similar 
bound for the potential kernel (a < d) or the A-potential kernel (1 = d < a < 2) of (X t )t>o- 
This class includes a subclass of strictly stable Levy processes with intensities of the form 
\x\ ~ a f(x/\x\) with functions f(x) = f{—x) that are bounded from above and below by 
positive constants [T5] . 

(4) Symmetric Levy processes with sub- exponentially localized Levy measures. Let (Xt)t>o be a 
symmetric Levy process with intensity v(x) x e _a ' x ' |x|~ d ~ 5 (l + |x|) rf+<5_7 , where a > 0, 
/3 G (0,1], 6 G [0,2) and 7 > (d + l)/2. Such processes were considered in more general 
settings in [19] (see also [25]) and references therein. As discussed in Example 12.11 (3), 
Assumption 12 . 1 1 is verified. Moreover, as proved in a greater generality in [19, Theorem 1.2 
(1)], (Xt)t>o is a strong Feller process with bounded continuous transition densities satisfying 
appropriate sharp two-sided bounds with respect to large and small times separately (see 
[l~9l (1.13) and (1.14)]). Thus also Assumption 12.21 holds. As before, the required bound 
on the Green function in Assumption 12.31 may be obtained by showing the same estimate 
for the A-potential kernel of the process (Xt)t>o, which can be easily done by using the 
sharp transition density estimates referred to above. This class includes a large family of 
(exponentially) tempered symmetric stable processes [71] and the rotationally symmetric 
relativistic stable processes above. 

Next we give the class of potentials which will be used in this paper. 

Definition 2.1 (A-Kato class). We say that the Borel function V : H d — > R belongs to the 
Kato-class K, x associated with the Levy process (Xt)t>o if it satisfies 

r-t 



(2.3) lim sup E 



X 



\V(X s )\ds 







0. 



We write V G /Cj^ c ifVls G )C X for every ball B C R d . Moreover, we say that V is an A-Kato 
decomposable potential whenever 

v = v+-V- with y_G/c x , t/+g/c£ c , 

where V + and V- denote the positive and negative parts of V , respectively. 

For simplicity, in what follows we refer to A-Kato decomposable potentials as X-Kato class po- 
tentials. It is easy to see that L^ c C IC X C . Moreover, by stochastic continuity of (X t ) t >o also 
/Cj^ c C L 1 1 oc (R d ), and thus an A-Kato class potential is always locally absolutely integrable. Note 
that condition (j2.3[) allows local singularities of V. For specific processes (Xt)t>o condition (|2.3p can 
be equivalently reformulated in terms of the potential kernel of the process in the transient case, 
and the so called compensated potential kernel when the process is recurrent (for more details see 
e.g. m ESI US]). 

We single out a restricted set of potentials which will be often used below. 

Assumption 2.4. For a given Levy process (Xt)t>o let V be such that 

(1) V is an X-Kato class potential 

(2) V(x) — )• 00 as \x\ — > 00. 
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Next, for a given X-Kato class potential V we define 



T t f(x) = E x \e~ % v ^ ds f(X t )} , / G L 2 (R d ), t > 0. 



Using the Markov property and stochastic continuity of the process it can be shown that {Tt : t > 0} 
is a strongly continuous semigroup of symmetric operators on L 2 (R d ), which we call the Feynman- 
Kac semigroup associated with the process (Xf)t>o an d potential V. In particular, by the Hille- 
Yoshida theorem there exists a self-adjoint operator H bounded from below such that e~ tH = Tt. 
The operator H is often seen as a generalized Schrddinger operator based on the infinitesimal 
generator L of the process (Xt)t>o- Whenever V is relatively bounded with respect to L with 
relative bound less than 1 we can write H = —L + V as an operator sum. 

We now summarize the basic properties of the operators Tt, some of which will be explicitly used 
below. 

Lemma 2.1. Let A ssumptions 1 2. i\}2.4\ be satisfied. Then the following properties hold: 

(1) For all t > 0, Tt are bounded operators on each L p (R d ), 1 < p < oo. The operators 
T t : L p (R d ) -»• L p (R d ) for 1 < p < oo, t > 0, T t : L p (R d ) -> L°°(R d ) forl<p<<x,t> t b , 
and T t : L 1 (R d ) -> L°°(R d ) for t > 2t b are bounded. 

(2) For all t > 2t b , Tt has a bounded, measurable, and symmetric kernel u(t, ■, ■), i.e., Ttf{x) = 



(3) For all t > and f 6 L°°(R ), Ttf(x) is a bounded continuous function. 

(4) For all t > 2t b the operators Tt are positivity improving, i.e., Ttf(x) > for all x G H d and 
f G L 2 (R d ) sucft i/iai / > and f ^ a.e. 

(5) AH operators T t : L 2 (R d ) -)■ L 2 (R d ), i > 0, are compact. 

Properties (l)-(4) can be established by standard arguments based on [301 Section 3.2]. Property 
(5) is a consequence of V(x) — > oo as \x\ — > oo and standard arguments based on approximation 
of T t , t > 2t b , by compact operators [47l Lemma 3.2]. Clearly, compactness extends to all t > 
by the fact that Tt = e~ tH for a self-adjoint operator H and a use of the spectral theorem. Note 
that we do not assume that p(t, x) is bounded for all t > 0, and thus in general the operators 
T t : L p (R d ) -> L 00 (R d ) need not be bounded for t < t b . 

The theory of operator semigroups implies that there exists an orthonormal basis in L 2 (R d ) 
consisting of the eigenfunctions ip n given by T t ip n = e~ Xnt ip n , t > 0, n > 0, and Ao < Ai < A2 < 
... — > 00. All <p n are bounded continuous functions. Moreover, the first eigenfunction (or ground 
state) tpo has a strictly positive version \69\ Theorem XIII. 43], which will be our choice throughout. 

2.2. Estimates of A-subaveraging functions 

Recall that one of the fundamental objects in potential theory are X-superaveraging (and related 
X-excessive) functions [291 Section 2.1]. For our purposes below it will be natural to consider A- 
subaveraging functions, which in some sense are counterparts of A-superaveraging functions in the 
opposite direction of domination. We say that a non-negative Borel function (p is X-subaveraging 
for the semigroup {Tt : t > 0} with A > if for every t > and x G R d , e^ t Tt(p(x) > <p(x). 

For an open set D C R rf , a Kato-class potential V and a non-negative or bounded Borel function 
<p we define the V -Green operator for the semigroup {Tt : t > 0} and set D (see Subsection 13. ip . 



/ R d <t, x, y)f(y)dy, f G L p (R d ), 1 < p < 00. 
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where td is the first exit time from D. 

The following estimates for A-subaveraging functions are general results. Although here they will 
be used in proving bounds on eigenfunctions and, in consequence, intrinsic ultracontractivity, they 
may be also of independent interest. 

Theorem 2.1. Let Assumptions \2~T\\2.J\ hold. If (p is a bounded A-subaveraging function for the 
semigroup {T t : t > 0} with A > 0, then there is a constant C4 = C±[X, V, A) and R = R(X, V, A) > 
such that 

cp(x) < C4 Halloo v{x), \x\ > R. 

The proof of this theorem is probably the most technical and crucial part of the paper. The required 
bound is obtained inductively, by using a self-improving estimate. 
For simplicity, we write l(x) instead of l R d(x) throughout below. 

Theorem 2.2. Let Assumptions \2. l\\2.Jf\ hold. 

(1) If (p is a bounded function (possibly negative) for which there exists A > such that for every 
t > and x G H d we have e xt Ttip(x) = ip(x) (clearly, in this case \ip\ is A-subaveraging) , 
then there is a constant C5 = C^(X, V, A) and R = R(X, V,A) > such that 

\<p(x)\ < C 5 IMI^ G v B{x l) l{x) v(x), \x\ > R. 

(2) If ip is a strictly positive function for which there is A > such that for every t > and 
x G H d we have e xt Ttp(x) = p(x), then there is a constant Cq = Cs(X,(p) and R = 
R(X, V, A) > such that 

ip(x) > C 6 G^ (X)1) l(x) v(x), \x\ > R. 

2.3. Eigenfunction estimates 

The following pointwise upper bounds for eigenfunctions and sharp two-sided bounds for the 
ground state of the operators Tt are the next main results of this paper. 

Theorem 2.3 (Upper bounds on eigenfunctions). If Assumptions \2~IS\2.J\ hold, then for every 
i] > such that Ao + f] > there exist constants C-j = C^(X, V, n) and a radius R = R(X, V, rj) > 
such that 

\<fn{x)\ < C 7 \\cp n \\^ G B p^l(x) v(x), \x\ > R, n = 0,1,2,... 

Theorem 2.4 (Ground state estimates). If Assumptions \2.1\}2.4\ hold, then for every r/ > 
such that Ao + r/ > there exist constants C$ = Cs(X,V,n), Cg = Cg(X,V,rj) and a radius R = 
R(X, V, i]) > such that 

°8 G V B ^{x) u(x) < p {x) < C 9 Gl+y } l(x) i/(x), |x| > R. 

We emphasize that the above bounds on the eigenfunctions are obtained, unlike in [57J, without 
using any (intrinsic) ultracontractivity properties of {Tt : t > 0}, which will be further discussed 
below. 

The following surprising domination property (see discussion in Example 12.31 (5) below) is an 
immediate consequence of the above theorems. 

Corollary 2.1. If Assumptions \2. 1\\2.J\ hold, then there is a constant C\q = C\q{X, V) such that 

\fn{x)\ < C w HVnlloo PoOe), x £ R d . 
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By the estimates in (|3.2p we also have the following corollary. 

Corollary 2.2. Let Assumptions \2. 1\\2.4\ hold. Then there exist a constant C\\ = C±i(X, V, A) and 
a radius R > such that for all \x\ > R we have 

\<fn(x)\ < C 7 lbnllooT-7 tTTTT' ™ = 0,1,2,..., 

mt y eB(x,i) v{y) 

and 

^11 7TT\ - ^OW < C g - 



sup yeB{xA) V{y) mfj/eB^,!) V{y) ' 

Moreover, if there is a constant C > 1 such that for all unit balls B C B(0,R) c it holds that 
su PysB^(y) < C infj/g-B ^(y) ( c f- Assumption ^. 5\ below), then 

Wn{x)\ < C 7 C\\ip4^^r, n = 0,1,2,..., 

and 

V{x) V( x ) 

for all \x\ > R. 

Example 2.3. Some explicit examples of ground state decays are as follows. 

(1) Rotationally symmetric stable and related processes. In the case of processes with Levy 
intensities satisfying v(x) x |x| > 1/2, a £ [0,2) (see some listed in Example 12.11 

(1)), we have 

^(x)^G v w) l{x)\x\~ d - a , \x\>R. 
Furthermore, when also the condition in Corollary 12.21 is satisfied, then 

wfc) ~ n i i r~w~Hv\ > x G Rd - 

(1 + \x\) d+a (l + V + (x)) 



This clearly recovers the results of [461 147] . 

(2) Symmetric jump Levy processes with exponentially localized Levy measure. It is a well- 
known result [TBI Proposition IV.4] that if e - *^ G L 1 (R d ), i > 0, and there is b > 
such that J Rd e b \ x \v(dx) < oo, then |^„(x)| < Ce~ c '\ x \ x G R d , with C = C(X,V», 
C" = C'(X, V, re), i.e., if the Levy measure is exponentially localized, then the fall-off of the 
corresponding eigenfunctions is also exponential. Note that Theorems 12 . 31l2~4l ( also Corollary 
I2.2p essentially improve this result under assumptions which are not much more restrictive 
than those of [18] . 

(3) Rotationally symmetric relativistic stable process. This is a special case of the class dis- 
cussed in (2) above. It was proven in [571 Theorem 1.6] that if V is a non- negative, locally 
bounded potential comparable to a rotationally symmetric function, radially non-decreasing 
and comparable on unit balls with lim^i^^ V(x) /\x\ = oo (i.e., the corresponding Feynman- 
Kac semigroup is intrinsically ultracontractive) , then 

e -m x l a \x\ 

(1 + | X |)(^+1)/2(1 + F(X))' XGR "' 

Theorem 12.41 above generalizes this result to the substantially larger space of X-Kato class 
potentials with no restrictions on the order of growth of the potential at infinity and with 
no use being made of intrinsic ultracontractivity properties. We obtain the result of [57] 
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as the second part of Corollary 12.21 Note also that Theorem 12.31 is completely new in this 
context. 

(4) Symmetric Levy process with non- degenerate Brownian part. Let (Xt)t>o be a process as in 
Example 12.21 (2). In this case Theorems 12.31 and 12.41 (also Corollary I2.2|) allow to identify 
the leading order of decay of the ground state at infinity (as well as provide upper bounds 
for higher order eigenfunctions) as the contribution of the Levy intensity v and a correction 
from the potential V . However, since our constants are not optimal, it can be expected that 
the correct asymptotics should contain a further term of smaller order (similar to Carmona's 
bound in [16]) coming from the Brownian component of the process. However, showing this 
requires a more subtle argument and cannot be seen from our present results. 

(5) Diffusions. It is useful to compare our results to the classic facts known for the eigenfunc- 
tions of Feynman-Kac semigroups involving Brownian motion (i.e., Schrddinger semigroups 
generated by —A + V). In the general case, £o-GSD and to-IUC (see the definitons in 
Subsection I2.4p imply directly that for all x G R d 

(2.4) \<p n (x)\ < C(to)||^n|| 00 e( A "- A °) t Vo(x) and \<p n (x)\ < C(t )e (A ^ Ao) *Vo(^), 

respectively, which is similar to the domination property in Corollary 12.11 However, for 
diffusions this property cannot be taken for granted in lack of AGSD/AIUC. This can be 
seen, for instance, in the example of the harmonic oscillator, for which V(x) = \x\ 2 and the 
eigenfunctions are given by the Hermite functions. In this case the semigroup is not IUC 
(not even AIUC), and the property in Corollary 12 . 1 1 does not occur either. This surprisingly 
contrasts the case of jump processes we consider, for which a version of (j2.4j) occurs without 
being AGSD/AIUC. 

2.4. Intrinsic ultracontr activity and ground state domination 

Under the given choice of potential the Feynman-Kac semigroup has strong smoothing properties 
which we define next. In particular, they imply degrees of regularity and the rate of decay of 
eigenfunctions. Recall that the intrinsic fractional Feynman-Kac semigroup is given by (jl.ip . 

Definition 2.2 (IUC/ AIUC). Consider the following ultracontractivity properties. 

(1) The semigroup {Tt : t > 0} is ultracontractive if Tt is a bounded operator from L 2 (R d ) to 
L°°(R d ), for every t > 0. 

(2) The semigroup {Tt : t > 0} is intrinsically ultracontractive (abbreviated as IUC) if Tt is a 
bounded operator from L 2 (R d , tfydx) to L oc (R d ), for every t > 0. 

(3) The semigroup {Tt : t > 0} is to-intrinsically ultracontractive (abbreviated as to-IUC) if the 
above boundedness property ofTt holds for some to > 0. In this case the semigroup property 
extends it to all t > to. 

(4) When Tt is to-IUC, but the specific value of to is not essential, we simply say that {Tt : t > 0} 
is asymptotically intrinsically ultracontractive (abbreviated as AIUC). 

Since below we mainly use probabilistic arguments, it will be useful to consider the following prop- 
erty of the semigroup {Tt : t > 0} which we call ground state domination. As it will be seen later, 
in general ground state domination is a weaker property than IUC. 

Definition 2.3 (GSD/AGSD). Consider the following boundedness properties. 
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(1) The semigroup {T t : t > 0} is ground state dominated (abbreviated as GSD) if for every 
t>0 there is a constant C\% = C\2(X,V,t) such that 

(2.5) T t l(x) < CnMx), x G R d . 

(2) The semigroup {T t : t > 0} is io-ground state dominated (abbreviated as to- GSD) if (|2.5p 
holds for some to > 0. In this case the semigroup property extends this bound to all t > to 
with constant Ci 2 e _Ao ( t_to ), where C 12 = C 12 (X,V,t ). 

(3) When Tt is to- GSD but the specific value of to is not essential, we simply say that {Tt : t > 0} 
is asymptotically ground state dominated (abbreviated as AGSD). 

Before stating the main results of this subsection it is worthwhile to discuss the relationship between 
these properties. Parts (l)-(2) in Definition 12.21 are standard, (4) has been introduced in |47| . It 
is immediate from the definitions that IUC and GSD imply io _ IUC and io _ GSD (for all to > 0), 
respectively. However, as it will be seen below, IUC and GSD are essentially stronger properties 
than their asymptotic versions. We will show that under our assumptions AIUC and AGSD are 
equivalent, while IUC implies GSD and in general conversely this is not the case. 

Theorem 2.5 ((A)IUC and (A)GSD). Let Assumptions \2.1\\2.4\ be satisfied, specifically, let 
Assumption \2.2\ hold with % > 0. 

(1) Then 

AIUC AGSD and IUC => GSD 
in the sense that to-IUC ==>• 2to-GSD, to > 0, and to- GSD ==>- Hq-IUC, whenever to > i&. 

(2) If, moreover, p(t,x) < C4 for all t > and x £ R rf with C4 = C^(X,t), then also 

GSD IUC. 

In Proposition 12. II below we show that the assumption in part (2) of Theorem 12.51 is essential. This 
means that in general when p(t, •) may be unbounded for small t, IUC is a strictly stronger property 
than GSD. Intuitively it is clear that IUC requires more smoothness of the semigroup {Tt : t > 0} 
than GSD as it also depends on the local singularities of the semigroup, while GSD is in fact, 
roughly speaking, a decay property of the semigroup at infinity. 

We now present characterization results on GSD/AGSD and IUC/ AIUC. 

Theorem 2.6 (Sufficient and necessary conditions for AGSD). Let Assumptions \2.1{\2.4\ 
hold. 

(1) If there exist a constant C13 = Cis(X, V) and a radius R > such that 

I log u(x)\ 

then the semigroup {Tt : t > 0} is to- GSD with to = 4/C13. 

(2) If the semigroup {Tt : t > 0} is to-GSD, then for every e E (0, 1] there is R £ > such that 

™PyeB( X ,e) V (V) y ± {xl>R 

I log " 2*o ' " 

Theorem 2.7 (Sufficient and necessary conditions for GSD). Let Assumptions \2. 1\\2.4\ hold. 
(1) // 

hm — = 00, 

\x\^-oo I log U\X)\ 

then the semigroup {T t : t > 0} is GSD. 
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(2) If the semigroup {T t : t > 0} is GSD, then for every e G (0, 1] «;e have 

hm / = oo, 

[x[-Kjo |logI/(x)| 

Remark 2.1. By Theorem 12.51 the limit condition in Theorem 12.71 (2) is necessary for IUC, and 
the condition in Theorem 12.71 (1) is sufficient for IUC, whenever p(t, •) is bounded for all t > 0. 
Similarly, the growth condition in Theorem 12.61 (2) is necessary for 4q/2-IUC, and the condition in 
Theorem (1) is sufficient for t -IUC with t = 2(t b V 4/Ci 3 ). 

The following result is intuitively clear, however, for the reader's convenience we include a short 
proof at the end of Subsection 13.11 

Proposition 2.1 (Ultracontractivity). Let Assumptions \2. l\\2.J\ hold, in particular, let Assump- 
tion \2.2\ hold with > 0. Furthermore, suppose that 

(1) there exists t < % such that Yim.\ x \_+Q+ p(t, x) = oo and for all s 6 (0, t\, p(s,x) > p(s,y) 
whenever \x\ < \y\ 

(2) there exist xq € R d and e > such that V is bounded from above in B(xq, e). 

Then for every < t < for which condition (1) is satisfied, the operator T t / 2 is not bounded from 
L 2 (R d ) to L°°(R d ). In particular, the semigroup {Tt : t > 0} is not ultracontractive. 

Since ipo is bounded, IUC implies ultracontractivity. Hence the above result shows that the assump- 
tion in assertion (2) of Theorem 12.51 is essential. This means that there exists a class of random 
processes whose Feynman-Kac semigroups are GSD but not IUC (even if the potential grows to 
infinity at infinity very quickly). Typical examples of Levy processes fitting the above proposition 
include subordinate Brownian motion with suitably slowly varying characteristic exponents such as 
geometric stable processes. This example will be discussed in more detail in the next subsection. 

For the remainder of this subsection we restrict attention to a somewhat smaller class of potentials 
by imposing more regularity. This will also be used in the next subsection. 

Assumption 2.5. There exist R > 1 and a constant C14 = C\±(V) such that for every \x\ > R 

(2.6) V(y)<C 14 V(x), y e B{x,l) 
holds. 

A straightforward consequence of the above theorems is the following result. 

Corollary 2.3 (Borderline case). Let Assumptions 1 2. 1\$2~5\ hold, in particular, let Assumption 
\2.2\ hold with t b > 0. Then we have the following. 

(1) The semigroup {Tt : t > 0} is GSD if and only if 

(2.7) hm ./^ =oo. 

Moreover, condition (|2.7p is necessary for IUC, and sufficient whenever p(t, •) is bounded 
for every fixed t > 0. 

(2) The semigroup {Tt : t > 0} is AGSD (or, equivalently, AIUC) if and only if there exist a 
constant C15 and R > such that 

(2-8) jt^I^>C 15 , \x\>R. 

I log v(x)\ 
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Specifically, if f|2.8j) is satisfied, then {T t : t > 0} always is t -GSD with t = 4/Ci5, anc ^ ^ 
is to-IUC with t = 2(t b V 4/Ci 5 ). 7/(7} : t > 0} is t -GSD, then ZioWs mt/t constant 
C 15 = l/(2C 14 t ). Similarly, t -IUC implies jZEJ) witfi Ci 5 = l/(4Ci 4 io)- 

By the above results we are now able to formally define borderline potentials. 

Definition 2.4 (Borderline potential). Lei Assumptions \2.1\\2.J\ hold. We call V borderline 
potential for (A)GSD/(A)IUC of the semigroup {Tt : t > 0} if there exist to > and R > suc/i 
t/iat toV(^) = I log i^(a;)| 3 for every x G B(0,R) c . 

Note that by Assumption 12.11 the borderline potentials always satisfy Assumption 12.51 Also, note 
that we speak of borderline potentials in the sense of equivalence classes given by the definition 
above. 



2.5. Probabilistic and variational interpretation of AGSD/AIUC with examples 

It was seen in the previous subsection that under Assumptions 12. 1T42.4I AGSD/AIUC of {Tt : t > 0} 
depends only on the intensity of large jumps of the process (Xt)t>o- This means that whenever 
v 7^ 0, the Gaussian and small jump parts in the Levy-Ito decomposition of (Xt)t>o have no impact 
on AGSD/AIUC. Indeed, the borderline growth of V is decided by the ratio e~ toV<yX ^ /v{x) for x 
sufficiently far away from the origin and some time point to > 0. More precisely, AGSD/AIUC 
occurs if and only if e~ toV ^ is uniformly dominated by the jump intensity v(x) outside a bounded 
set in H d . We note that although this description gives a full picture of what AGSD/AIUC is in 
the case when v ^ 0, it does not help to understand what is behind this property when the process 
is strictly diffusive, i.e., whenever v = 0. (In a sense, this situation confirms that Brownian motion 
is an exceptional Levy process and processes with jumps are the more generic.) In this section we 
discuss probabilistic and variational descriptions of these properties. 

It is straightforward that the condition on V for {Tt : t > 0} being AGSD/AIUC is much weaker 
than in the case of the Feynman-Kac semigroup for diffusions. This can be explained by the following 
heuristic interpretation. For our purposes here it suffices to observe that the effect of the potential 
on the distribution of paths is a concurrence of killing at a rate of e~ h v+( x s)ds an( ^ mass generation 
at a rate of eJo V-(x s )ds^ \yhen, however, V(x) — > oo as |x| — > oo, then outside a compact set only 
the killing effect occurs and E x {e~ h v ( Xs ) ds j gives the probability of survival of the process up to 
time t. The following characterization of AGSD/AIUC may be used as a probabilistic definition 
of these properties, valid for both our jump Levy processes and Brownian motion. In fact, this 
property has a strong ergodic flavour, compare also with [331 153] - 

Proposition 2.2. The semigroup {Tt : t > 0} is AGSD/AIUC if and only if there exist t > 0, a 
bounded non-empty Borel set D C R rf , and a constant Cig = C±q(X, V,t) such that for every Borel 
set A C H d we have 



(2.9) B x \e~ & v( - x ^ ds - X t e A] < C 16 B X \e~ V(x s )ds. Xt £ D 



x G K d . 



(For a proof see [HI Cor. 4.1, Prop. 4.1] and [571 eqs. (1.2)-(1.3)].) Asymptotically, the probability 
of survival of the process "staying around the starting point x" (far from the region D) is approx- 
imately e~ tv ^ x \ while the probability of surviving by escaping to a region D with a lower killing 
rate is ~P x (X t G D). By using §ZM) it is immediately seen that when {T t : t > 0} is AGSD/AIUC, 
then the probability that the process under V survives up to time t far from the location of inf V 
is bounded by the probability that the process survives up to time t and is in some bounded region 
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D, no matter its starting point. It can be expected that the balance of the competing effects in 
fact will be decided roughly by the ratio V(x)/\ logP x (Af E D)\. Below we prove this intuition and 
show that for a large class of non-diffusive Levy processes the expression | logP x (Xt E D)\ precisely 
determines the borderline potential. Note that this expression does not give the borderline poten- 
tial for diffusions, however, it allows to identify the leading order of the borderline growth which is 
known to be quadratic [32]. Some further examples will be discussed below. 

The following comparability condition will be used in Propositions 12 . 3ll2 .41 only. It is partly satis- 
fied under our previous assumptions and, in general, it seems to be strongly related to Assumption 
12.11 However, we don't know any general argument that can be used to show possible implication. 
Therefore, and also for more clarity, we decided not to discuss this condition and formulate it as an 
independent assumption. 

Assumption 2.6. For every t > there is R = R{t) > such that 

| log u(x) I x C l7 1 log p(t , x) | x Ci 8 1 log P x (X t G B (0, 1) ) | , \x\ > R, 

with constants C\j = Cn{X) and C\s = Cis(X) (independent oft). 

The next two propositions are direct consequences of Assumption 12.61 and Theorems I2.6H2.71 

Proposition 2.3 (AGSD/AIUC probabilistically). Let Assumptions [2~l\}2.4\ and \2.6\ be satis- 
fied. Then the following hold: 

(1) // the semigroup {Tt : t > 0} is tQ-GSD (or to/2-IUC), then for every < e < 1 there is 
R > 2 such that 

s ^PyeB(x,e) V (V) ^ 1 , su Py&B(x,e) V {v) ^ 1 , ^ „ 

> „n „ ana — -. — - — r . — > — ■ , \x\ > R. 



|logP-(A% e B(0,1))| " 2Cf 7 C 18 to \logp(t ,x)\ ~ 2C l7 W 

Moreover, if also Assumption \2. 51 holds, then swp y&B ^ X £ ^V{y) can be replaced by CyV(x). 
(2) // there exist t > 0, R > and a constant C\g = C±g(X, V) such that 

> -rz — or y / > — — , \x\ > R, 



|logP-(A t G B(0,1))\ ~ C 19 t |logp(t,x)| " C 19 t : 

then {T t : t > 0} is t -GSD with t = 4C ls C 19 t and t -IUC with t = 2(t b V 4C ls Ci 9 t) or 
tQ-GSD with to = 4:CnCi 9 t and t 9 -IUC with to = 2{t^y AC\jCi 9 t) , respectively. 

Proposition 2.4 (GSD/IUC probabilistically). Let Assumptions \2. 1\\2.4\ and \2.6\ be satisfied. 
Then the following hold: 

(1) If the semigroup {Tt : t > 0} is GSD (or IUC), then for every t > we have 

lim su PyeB(3!|e) V(y) _ ^ su PyeB(gie) V(y) _ ^ 

\x\^oo\logP x (X t £ B(0,l))\ \x\^oo \ log p(t,x)\ 

When in addition also Assumption \2.5\ holds, then supy^ B / X E \ V(y) may be replaced by V{x). 

(2) If there is t > such that 

lim oo ot lim = oc 

|a;|->oo | logP x (A t G B(0, 1))| \x\->co\ log p(t,x)\ 

then {Tt : t > 0} is GSD. If, moreover, p(t, •) is bounded for all t > 0, then any of these two 
conditions also implies IUC. 



We now illustrate these results by specific examples. 
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Example 2.4. Theorems I2.6H2.7I and Propositions I2.3H2.4I apply directly to the following three 
classes of examples with different growth rate of borderline potentials. For any of these specific 
examples, Assumption 12.61 can be verified by using the time-space estimates of the related transition 
densities, similarly as in Example 12.21 

(1) Borderline potentials of logarithmic order. The borderline behaviour 

-logv(x) x - logP x (X t G 5(0,1)) x - \ogp(t,x) x log |x| 

occurs in the following cases (see Example 12.31 (1)): 

(i) Purely jump stable-type processes with bounded transition densities: This includes (a) 
non-Gaussian rotationally symmetric stable processes (our results recover and substan- 
tially improve the methods of [461 147]). (b) mixtures of rotationally symmetric stable 
processes, (c) rotationally symmetric stable- like Levy processes. In this case Theorem 
12.51 implies equivalence of GSD and IUC. 

(ii) Rotationally symmetric geometric a-stable processes (a G (0,2)): By Proposition 12.11 
the semigroup {T t : t > 0} is not IUC (i.e., it is not i-IUC for small t > 0, not even 
ultracontractive) , while it is GSD and t-IUC for t > 2tb provided the potential V is 
pinning enough. 

(iii) Jump- diffusions (see Example 12.2( 1) (iii)): Since v ^ 0, the Gaussian component has 
no effect on (A) GSD and (A)IUC. 

(2) Borderline potentials of linear order. The borderline behaviour 

-\ogv(x) x - \ogV x (X t G 5(0,1)) x -logp(t,x) >c \x\ 

occurs for rotationally symmetric Levy processes satisfying our assumptions provided that 
their Levy intensities are exponentially decaying at infinity. Important examples to this class 
are rotationally symmetric relativistic stable processes and tempered rotationally symmetric 
stable processes (with v(x) x e~ a \ x \ \x\~ d ~ a , a > 0, a G (0, 2), compare Example l2.3l (2)-(3)). 
For relativistic stable processes it was proven in |57| that when V is a non-negative, locally 
bounded potential comparable to a function which is rotationally symmetric, radially non- 
decreasing and comparable on unit balls, then the corresponding Feynman-Kac semigroup 
is IUC if and only if limui^go y(x)/|z| = oo. The combination of Theorems 12.51 and 12.71 
generalizes this result to the substantially larger class of X-Kato class potentials. Also, we 
obtain the result of [57] in Corollary 12.31 (1) under Assumption 12.51 

(3) Borderline potentials of sublinear but faster than logarithmic order. The borderline be- 
haviour 

-logics) x - \ogV x (X t G 5(0,1)) X - \ogp(t,x) x \xf, < /3 < 1 

appears in the case of processes with Levy measures decaying sub-exponentially at infinity, 
discussed in Example 12.21 (4) (case /3 < 1). 

Note that, roughly speaking, this is the complete range of possible borderline growths for the 
processes we consider. An asymptotic growth of the order \x\@ with j3 > 1 is ruled out by Assumption 
12.11 (3). see the discussion in Example 12.11 (4). Also, the borderline potential cannot be slower than 
logarithmic due to the integrability of the Levy intensity v outside a neighbourhood of the origin. 
We also note that linear growth is the quickest possible as well for the class of subordinate Brownian 
motions obtained under subordinators whose Levy exponents are complete Bernstein functions [501 
Lemma 2.1]. 
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A second type of example is about Feynman-Kac (in fact, Schrodinger) semigroups involving 
standard Brownian motion under a potential. Although the strictly diffusive case when v = is not 
covered by our paper, it is interesting to compare the results to better understand what mechanism 
lies behind IUC in the general case. 

Example 2.5. Diffusions. In the classic papers on IUC of Schrodinger semigroups generated 
by —A + V it was considered whether the property holds for some special ways of choosing the 
potential. In the one-dimensional case |32l Theorem 6.1] shows that when V(x) = \x\ a , a > 0, or 
V(x) = |x| 2 log(|x| + 2) b , b > 0, then the related semigroup is IUC if and only if a > 2 and b > 2 
(i.e., fails for a, b < 2). When d > 1 it is shown in [32, Theorem 6.3] that IUC occurs whenever 
C\ + C 2 \x\ b < V(x) < C 3 + C 4 \x\ a , with a/2 + 1 < b. To the best of our knowledge, AIUC was 
not considered before the paper [47]. However, by a use of the Mehler formula it follows that in 
the case of the harmonic oscillator AIUC does not occur |31} Theorem 4.3.2]. Recently, in pQ a 
general sufficient condition for IUC was found for Schrodinger semigroups. For radial potentials V 
this condition is also necessary and it is formulated as 

f°° 1 

(2.10) / — dr < oo, for some ro > 0. 

Jr \JV{r) 

For instance, for the potential 

V(x) = |x| 2 (log|x|) 2 (loglog|x|) 2 ...(log...log|x|) 2 (log...log|x|) 2+ ' 5 , m € N, 5 > 0, 

(m — l)-timcs m-times 

this condition is satisfied if and only if 5 > 0. This means that IUC holds for an arbitrary choice 
of m E N whenever S > 0, and suggests that in the diffusion case it is not possible to identify the 
borderline potential directly as in the case of jump processes. Note that all of the classic results 
discussed above were obtained by purely analytic arguments. We believe that it is possible to derive 
the analytic condition (|2.10p by probabilistic methods based on sufficiently efficient estimates of the 
expression at the right hand side of (|2,9p . For instance, when V > satisfies Assumption 12.51 and 
the semigroup is IUC, then a rough estimate gives lim^^^ V(x)/\ log P x (X t G D)\ = oo, allowing 
correctly to identify \x\ 2 as the leading order of borderline growth, as in Proposition 12. 4( 1) . 

In the context of diffusions, we also mention that a condition similar to part (3) of Assumption 
12.11 has been used for Green functions of elliptic differential operators on domains in [65} [63| 177] 
and related papers, and it goes back to [661 EZ]j where it was introduced as a small-perturbation 
condition of an elliptic operator by another operator. In particular, it is shown that intrinsic 
ultracontractivity implies the small-perturbation condition. 

Finally, we give another description of AGSD/AIUC. In order to do that we need to put one 
more condition on the Levy measure. 

Assumption 2.7. For every R > we have logu G L 1 (B(0, R) c , v(x)dx). 

Under Assumptions [2TH23] and E7J and for all A £ B(R d ) such that dist(A,0) > we define the 
functionals 

(2.11) E\(y) = [ V{x)v{x)dx 

J A 

(2.12) H A (v) = - I v(x)\ogv{x)dx 

J A 



(2.13) 



F X( V ) = E v (v) - H A (v). 
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Note that under Assumption 12.71 F%(u) is well denned. We call the functional E v A (y) energy, Hj^{y) 
entropy, and F A (v) free energy in set A for the given potential V and Levy measure v{dx). Note 
that since v(x) is the Radon-Nikodym derivative of the Levy measure with respect to Lebesgue 
measure, Ha{v) is in fact the relative entropy (or Kullback-Leibler functional) of the Levy measure 
with respect to Lebesgue measure. Then we have the following characterization of AGSD/AIUC. 

Theorem 2.8 (Characterization of AGSD/AIUC). Let Assumptions {KMLE and\2/j\ hold. 
The potential V is such that the semigroup {Tt : t > 0} is AGSD (or, equivalently, AIUC) if and 
only if there exists to > and R > such that for every Borel set A C B(0,R) c we have that 
F A ° V (u) > 0. Specifically, if {T t : t > 0} is t -GSD, then F 2 A Clit ° v (v) > 0. If F A ° V (v) > 0, then 
{T t :t> 0} is 8C u t -GSD. 

Note that due to monotonicity of the free energy functional with respect to potential V , the 
inequality F A V (u) > implies F A v {y) > for all t > to. Furthermore, we have the following 
variational result. 

Corollary 2.4 (Variational principle for borderline potential). Let Assumptions \2.1\\2.J\ 
and \2. 7| hold, and the jump intensity v and the potential V be continuous functions. Then V is the 
borderline potential for AGSD/AIUC of the semigroup {Tt : t > 0} if and only if there exist to > 
and R>0 such that F^ V (v) = for all Borel sets A C B(0,R) c . 

We note that similar energy and entropy functionals have been used in [36] to determine heavy 
tailed probability distributions with prescribed asymptotics, satisfying the Fokker-Planck equation. 
Such optimization methods are widely used, however, in our context it is derived and rigorously 
justified by Theorem 12.81 Furthermore, the above variational problem can also be considered in 
the reverse direction. Roughly speaking, for a given sufficiently regular potential V we may be 
interested in finding the appropriate Levy measures v (i.e., Levy processes (X t )t>o) such that the 
corresponding free energy functional F^ v (u) is minimized for some to > 0, R > and every Borel 
set Ac B(Q,R) C . 



3. Proofs 

3.1. Preliminaries 

Here we recall some basic facts of potential theory for the Feynman-Kac semigroup related to 
process (X t ) t >o needed for our purposes, and show some technical facts used in proving our results 
concerning intrinsic ultracontractivity and the eigenfunction estimates below. For background we 
refer to [301 ED E2J EQ ETJ [TO] . 

We adopt the convention that auxiliary constants appearing in proofs may change their values 
from one use to another (possibly from line to line). However, if necessary, we write C, C^\C^ 2 \... 
to distinguish them. Recall that, in contrast, constants appearing in the statements of theorems, 
propositions and lemmas are fixed throughout the paper and can be tracked in the proofs. 

Denote by 

e v (t) := ev(t)(u) = e -J?^.M)«*« j t > 0. 

the Feynman-Kac-functional for the Levy process (Xt)t>o for potential V. By standard arguments 
based on the Khasminskii's lemma [30} Cor. Prop. 3.8] there are constants C21 = C2i(X,V) and 
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C 22 = C 22 {X,V) such that 

(3.1) sup B x [e v (t)} < sup E*[e_y_(i)] < C 2 ie C22 \ t > 0. 

Recall that td = inf{t > : Xt ^ Z?} denotes the first exit time of the process from the set D. The 
potential operator for the semigroup {T t : t > 0} is defined by 



G v f(x) 



T t f(x)dt = 



o 



e v (t)f(X t )dt 



o 



for non-negative or bounded Borel functions / on R , while the U-Green operator for an open set 
D is given by 

, in dl - E' ' 



f'OO P 

G v D f(x) = E x [t< r D ; e v (t)f(X t )} dt = W / 
Jo Uo 



ev(t)f(X t )dt 



for non- negative or bounded Borel functions / on D. 

It can be seen directly that if D C R d is a non-empty bounded open set and V is a non-negative 
and not identically zero potential on D, then for all x G D we have 



(3.2) 



1 - exp(- sup V(y)) 



V x (t d > 1) 
sirpygD V(y) 



< G v D l(x) < 



1 



inf^gz) V(y) 



Here we use the convention that l/oo = and l/0 + = oo. 

Below we often use the fact that for all bounded Borel sets D C R d and x G D we have 
E x [td] < E^TB^diamD)] = E° [r B ( ,diam D)] < °°- Furthermore, when D' C R d is an open set, 
D C D 1 is open and bounded, and / is a non-negative or bounded Borel function on D', then by 
the strong Markov property it follows for every x £ D that 



(3.3) 



G V D ,f{x) 



G v D f{x) + W 



X T 



> TD eD\D;e v (T D )G v D ,f(X TD ) . 

A Borel function / on H d is called (X, V^-harmonic in an open set D C K d if 
(3.4) f{x) = W [tu < oo; e v (t v ) f (X Tu )} , x G U, 

for every open set U with U contained in D, and it is called regular (X, V^-harmonic in D if ([37 
holds for U = D. By the strong Markov property every regular (X, y)-harmonic function in D is 
(X, y)-harmonic in D. We always assume that the expectation in (|3.4p is absolutely convergent. 

The following uniform estimates for local suprema of (X, y)-harmonic functions are an important 
ingredient in proving AGSD/GSD and eigenfunction bounds. Under Assumptions 12.1112.31 they 
directly follow from the more general results in |14j . 

be satisfied. Then for every < r < p < 

x 



Lemma 3.1. Let Assumptions (1), \2.2\ and\2_ 

q < R < 1 there exists a constant C23 
B(xo,R), and every non-negative function f on R d that is (X,V)-regular harmonic on B(xq,R), 
we have 



C2s(X,r,p,q, R) such that for any V G JC{^ C , V > on 



f(y) ~ c 23 G 



v 



B(x ,p) 



S(z)v(z - x Q )dz, \y-x \<r. 

iB{x , q y 

Proof. Under the assumptions of the lemma Assumptions A-D in p3] are satisfied. Specifically, 
since (Xt)t>o is a symmetric strong Feller Levy process, Assumptions A and B hold directly, while 
Assumption C is a consequence of our Assumption 12.11 (1). and our Assumption 12 . 31 is just Assump- 
tion D (for details of their verification see |14[ Example 5.5]). Thus the above estimates hold for 
V = as a consequence of |14[ Lemma 3.2 and Theorem 3.4] for the set D = B(xq,R). By space 
homogeneity of (X t )t>o the constant C23 does not depend on the specific Xq. Similar estimates for 
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f(y)~C 23 GL a 5/ 8) l(2/) / f(z)u(z -x )dz, \y-x \<^. 



an arbitrary V G /Cj^ c , V > on B(xo,R), i.e., for the subprocess of (X t ) t > Q given by the multi- 
plicative functional Mt = ey(t), follow from the latter with the same constant C23 (independent of 
V) by the argument in Example 5.9]. □ 

Note that it is crucial below that C23 in the above bounds does not depend on the (local behaviour 
of) potential V. It is also essential for our further applications that due to space-homogeneity of 
the process (X t )t>o, the constant is independent of the location in space of the ball B(xq,R). In 
fact, Lemma 13.11 will be used below in the following form which is sufficiently general and more 
convenient for our purposes. 

Corollary 3.1. Let Assumptions [Ql (1), \2.2\ and \2.3\ be satisfied. Then there exists a constant 
C24 = C2i{X) such that for any V G JC* C , V > on B(xq, 1), and every non-negative function f 
on R d that is (X,V)-regular harmonic on B(xq, 1), we have 

/(?/) X C24 Xol) l{y) I f(z)u(z-x )dz, |y-x |<^. 

JB(x ,3/4) c * 

Proof. By taking r = 1/2, p = 5/8, q = 3/4 and R = 1 in Lemma 13. II we clearly have 

1 

}{z)v[z - x )dz, \y - x \ < 

lB(x ,3/4)° 

Thus it suffices to see that G^, x \l(y) < CGL a . o 5 , 8 <.l(y), y G B(xq, 1/2), with a constant C = 
C(X) (independent of V and x Q ). By formula $£3$) for D' = B(x , 1), D = B(x , 5/8) and / = 1, 
and by the fact that sup^^^ ^ G^^ xq 1 )l(y) = < 00 with independent of V and xo, we 
have 

Gl M My) < Gl {xom l(y) + CUW[e v (T B(xom )}, \y - x \ < \. 

Let now 

nf „\ - / E2/ M^(* ,5/8))] if v e £(*o, 5/8) 
SW-\ 1 ify^5(x ,5/8). 

By applying Lemma 13. II for g with r = 1/2, p = 17/32, g = 9/16 and R = 5/8, we conclude that 
V y [e v (T B ( X0 ,5/8))] < 17/32) l(y) / i/(2r)cte < ^GL 5/8) l(y), |y - x | < -, 

JB(0,9/16) C 2 

with constant C = C(X), independent of V and xq. □ 

In fact, in order to obtain the above corollary it suffices to prove Lemma 13. II only for two fixed sets 
of parameters r,p,q,R. Therefore, it would be enough to have Assumptions 1 2 . 11 ( 1 ) and 12.31 in place 
only for some specially chosen, sufficiently small r > and p, q > 0, respectively. However, this 
approach requires a detailed analysis of constants appearing in [14] and causes further technical 
difficulties (note that the parameters r,p, q in Lemma [3. II do not correspond directly to r and p, q in 
the assumptions). Since the general Assumptions [2TT1 (1) and 12.31 are not restrictive for our further 
results, we included a general version of Lemma 13. II 
The following auxiliary results will also be used later. 

Lemma 3.2. Let D C R d be an arbitrary open set and V be an X-Kato class potential such that 
V > on D. Then there are constants C25 = C2s(X,V,t) and C26 = C2e(X,V,t) such that for 
every t > we have 

(1) E* [| > r D ;e v (t)] < C 25 E* [e v (r D )T t/2 l(X TD )] 

(2) W [%<td; e v (t)] < C 26 G v D l{x) sup yeD T t/2 l(y), x G D. 
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Proof. The proof of (1) and (2) with G^l(x) replaced by E 1 ' [4 < T£>; ey (|)] runs in the same way 
as in [47, Lemma 4.3]. We complete the proof of (2) by the simple observation that 



t ft 



4 

< -E x 

~ t 



< r D ; 



-£v(x a )ds dv 



< - f G v D l(x) 



□ 



A short proof of the following fact was communicated to us by M. Kwasnicki. 

Lemma 3.3. Let (Xt)t>o be a Levy process with transition densities p(t, x, y) = p(t, y — x) such 
that for some t > and all s G (0, t] we have p(s,x) < p{s,y) whenever \x\ > \y\. Then for every 
bounded open set D C R d and r > such that {y G D : dist(y,dD) > r} ^ there is a constant 
C27 = C27(r) such that 

p D (t,x,y) > p(t,y - x) - C 27 , x,y£D, dist(y, 3D) > r. 
Proof. Observe that for every \z\ > r and s £ (0, t] we have 



\B(0,r)\p(s,z) < 



B(0,r) 



p(s, w)dw < 1. 



□ 



Thus by Hunt's formula (12.11) we get 

p D (t,x,y) =p(t,y- x) - E x [t d < t;p(t - r D ,y - X TD )} > p(t,y - x) - C 27 , 
for all x,y G D such that dist(y, dD) > r, with C27 = |.B(0,r)| _1 . 

3.2. Jump estimates 



For our purposes below we will need to control jumps between some carefully chosen regions. Let 
n,k G N, n,k > uq > 2 (with uq to be chosen below), and define 



n := jx G H d : n - 2 < , n > n + 



D 



no+l 



D 

D„ 

R k := jx G R d : k - K |x| < k\ , k>n + 2 
R m ■= |x G R d : \x\ < n | , R no +i ■= |x G R d : \x\ < n + l} 



We will use the two stopping times 

T n = T Dn :=mi{t>0:Xt^D n } 

o~k = o- Rk := inf {t > : X t G R k ] . 

Note that r no = T no +i = 00. In the events in which we are interested the process jumps from the 
complement of a ball D n to a smaller shell Rk, which we will refer to as admissible jumps. We 
define for k > no, n > + 2 and i > the events 

S(n,k,l,t) = {X Tn G o- fc < i} 

n-2 

S(n,k,l,t)= {J S(n,p,l — l,t)n S(p,k,l,t), l>\. 

p=k+2 

The first corresponds to the event that the process arrives in shell R^ before time t in just one 
jump after exiting D n . The second event is defined inductively. Let k + 2<p<n — 2. The event 
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S(n,p,l,t) n S(p,k,l,t) means that the process jumps to shell R p on leaving D n and then again 
jumps to shell Rk on leaving D p , and all this occurs before time t. Note that the process may 
go elsewhere after arriving in R p but the events which we are constructing only take account of 
admissible jumps, i.e., those that are oriented to the origin through jumps into the shells Rk- Thus 
the event S(n,k,l,t) corresponds to the process arriving in shell Rk from D n through I admissible 
jumps before time t. This scheme of keeping track of the so defined jumps has been first devised in 
[TT] and efficiently adopted in [57|. Here we also partially adopt the notation of [57] . 
The following technical lemma will be needed below. 

Lemma 3.4. Let Assumption \2. 1\ (l)-(2) be satisfied, and take n, k G N such that n — 2 > k > uq. 
Then the following hold: 

(1) There is a constant C28 = C2s(X) > 1 (independent of n and k) such that 

j u(z - y)dz < C 2 s / v{z - x)dz, x G R n , y G D„. 

J Rk J Rk 

(2) For any m G N there is a constant C29 = C29(X,m) > 1 (independent of k) such that 

/ v(z - y)dz < C29 / v(z-y)dz, \y\ > k + 1. 

jR k+m n{z: \y-z\>l/2} J R k 

Proof. First we prove (1). By rotation symmetry of R^ and conditions (l)-(2) of Assumption 12.11 
we deduce directly that 

/ ^-y)iz<Clf ,(*"*)<&, . 6 Jt,»-S<l,l<M, 
J Rk J Rk 

and 

/ v{z — y)dz < C2 v{z — x)dz, x G R n , \x\ < \y\, 

jR k JR k 

respectively. Thus (1) follows. Consider assertion (2) of the lemma. Define the dilations Sk,m{w) = 
{{k + m—l)/(k — l))w, m G N. Since Rk+m C Sk,m{Rk), it suffices to prove (2) for Rk+ m replaced 
by Sk,m{Rk)- By changing variables we obtain 

/ v{z — y)dz 

Js k , m (R k )n{z: \y-z\>l/2} 

k + m— l\ d f (k + m—1 \ 

k ~ 1 / jR k nS^J{z: \y-z\>l/2}) V k - 1 ) 



for all \y\ > k + 1. Since 



k+ k-i l w - w 



< 2m, by Assumption 12.11 (1) we have 
f k _ 1 w -yj< cV>u(w - y) , 



with w G R k n S^ m ({z : \y - z\ > 1/2}) and constant = C {1 \X,m). Hence 

u{z - y)dz < C {1) {m + l) d / v(w-y)dw, \y\ > k + 1, 



/5 fc , m (-R fe )n{2: |y- Z |>l/2} 

which completes the proof of the lemma. □ 

The next two lemmas are basic tools for our further considerations. Lemma [3.51 essentially gener- 
alizes a similar result in [57\ Lemma 5.7] which was obtained for rotationally symmetric relativistic 
stable process. This improvement was possible due to a new and more general approach which is 
based on a sufficiently sharp uniform upper estimate for local maxima of (X, V)-harmonic functions 
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(Corollary 13. 1[) and an inductive procedure which substantially uses Assumption 12.11 (3). Recall 
that a sufficiently general version of this uniform estimate necessary for our purposes in this paper 
was proved only recently in [14] . The second Lemma 13.61 is a relatively easy corollary of Lemma 13.51 
and Assumption 12.11 Notice that it is crucial for our further applications that the constants C30 
and C31 in these lemmas are independent of t, unlike in [57] . This allows us to use them in proving 
estimates of A-subaveraging functions and, in consequence, the bounds on the eigenfunctions. Both 
proofs below clearly show the significance of condition (3) in Assumption 12.11 

We note for later use that under the condition (1) in Assumption 12.11 we have P x (r„, < t) > 
and P x (a k < t) > for all n — 2 > k > uq, n — 1 < \x\ < n and t > 0. 

Lemma 3.5. Let Assumptions \2. i\\2. 3\ hold, and n, k G N be such that n — 2 > k > uq. Then there 
is a constant C30 = Cso(X) and 9q = 9q(X) > 1 such that for every t > 0, for all n — 1 < \x\ < n 
and 9 > 9$ we have 



r n < t,X Tn <E Rk]e 



< -7T I Ky- x ) d y- 



R k 



Proof. First we assume that n > k + 2 and 9 > is arbitrary. Note that dist(D n , Rk) > 1. For 
r > n — 2 denote T n<r := T DnnB ( r y Using the Ikeda-Watanabe formula [131 Theorem 1], we have 



r„, r < t,X Tn r G R k ;e &Tn - r 

JD n nB(0,r) JO 



~ 9s PD n nB(o,r)(s,x,y) / u(z - y)dzdsdy, 



and, consequently, by Lemma 13.41 (1) and Fubini's theorem we get 



T ntr < t,X Tnr £ R k ;e 9Tn ' r 



< C 



s ds 



u{z — x)dz 



C 



Rk 



v{z — x)dz, 



Rk 



with constant C = C(X). To complete the proof in this case it suffices to show that 



T n>r < t,X T £R k ;e 0Tn - 



E 2 



r n < t,X Tn G R k ;e 0Tn 



as r — > 00. Since r n r = r n when X Tn G Rk, we have 



0<E x [T n <t,X Tn £R k ;e~ 



E 1 



E' 



T~n,r ^ t,X Tnr G R k ,e 



-9r n ■ 



T n ,r <r n < t,X Tn G R k ,X Tnr G B(0, rf] e~ UT " 
<P x {T ntr <t,X Tn:r eB(0,r) c ) 
< P x (r B(0jr) <t)< P (T B( o, r / 2) < t), 

for sufficiently large r. Clearly, P (T B ( 0jr /2) < t) — > as r — > 00, t > 0, and the claimed convergence 
follows. 

Now consider the case n = k + 2. Denote B y = B(y, 1) and 



f(y) 



EV [r n < 00, X Tn G R k ; e~ 9r "] if y G A t 

iji fc (y) ify^^n- 



Since / is an (X, #)-regular harmonic function in D n , we have 



f(z) = E z e-^yf(X TBj 



z G \y\ > n — 1. 
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We will show that there is a constant C = C(X) and 9q > 1 such that for every 9 > 9q and I £ N 



(3.5) msj{k*f s 



v{z-y)dz + -fl v{z-y)f(z)dz\ , n-K\y\<n. 



R k 2' J\ z \ >n +i 

If this holds, then by taking the limit I — > oo the required bound follows. 
By Corollary 13. II we have 

f(z) < C 2i G e B l(z) [ f(w)u(w-y)dw, \z - y\ < 1/2, n-K\y\, 

and, since G B l(z) < 1/9, we obtain 

(3.6) /(<,)< f u ( z -y) dz + I u(z-y)f(z)dz), n-K\y\. 

ZU \JRk J\z-y\>l/2,\z\>n-2 J 

Moreover, < / < 1 and a direct application of Lemma 13.41 (2) to each of the three integrals (recall 
that k = n — 2) 



/ u(z — y)dz, to = 1,2,3, 

JR k+m C\{z: |z-y|>l/2} 



separately gives that 



(3.7) /(//) < ^ [ / v[z- y)dz + f u{z- y)f(z)dz) , n- 1< |y|, 

'Bfc ./|z-j/|>l/2,|z|>n+l / 
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with constant C = C(X). In particular, ()3.5[) holds for / = 1 and arbitrary 9 > 0. 

Next we use induction. Let #o := CC3 V 1 and suppose that (j3.5j) is true for 1-1 G N with 
constant C and 9 > 9q, where C is the constant in (|3.7p . By the induction hypothesis and (|3.7p . we 
have for n — 1 < |y| < n and 9 > 9q 

'i-i : : ( 

- y)f(z)dz 

' z " z " * ./|*|>n+l 

^^yZii I u ( z ~ V) dz + ( "77 ) ^7 / V (*-V) I u ( w ~ z)dwdz 



c\ 2 1 



z >n+l 



1 




2'- 






| 2 I 




' 2' 




/ 

/ \w — I 



k 



+ \J) q! I v{z-y) I v(w- z)f(w)dwdz. 



An application of Fubini's theorem and Assumption ^. II (3) to the last two terms in the sum on the 
right hand side above gives 

f(y) < V -■ / v{w-y)dw + —— l I v{w - y)f(w)dw, n-l<\y\<n. 

V ~l 1 JR k V 1 J\w\>n+l 

□ 

Lemma 3.6. Let Assumptions \2.1\\2.4\ hold. Moreover, suppose that there is a non- decreasing 
sequence g n — > 00 as n — >■ 00 and uq £ N Zarge enough such that for n > hq we have 

K29 <g n < inf V(y) and 4C 3 C 2 8<? 3 o < 9n , 
\y\>n 
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where C 2 s, C30 are constants, and 6q is the parameter from Lemmas \3.4\ (1) and \3.hl respectively. 
Then for n — 1 < \x\ < n, uq < k < n — 2, n, k, I £ N, it follows that 

v(y-x)dy, with C31 = 4C 30 . 



(3.8) 



E 



S(n,k,l,t);e-yo k V(x 3 ) ds 



< 



Vg 



n-2 JR 



Proof. We use induction in I £ N. Let I = 1. Since S(n,k, l,t) = {X Tn G R k ,o~k < t} and r n = 
for X Tn £ Rk, we obtain by Lemma 1331 



S(n,k,l,t);e- 1 2ti h v(x a 



< E x 
C31 



< 



X Tn eR k ,r n <t;e~ T "^ 2 
u(y - x)dy. 



2 5n-2 jR k 

Let now I > 2 and suppose that the bound (|3.8p holds for 1,2,..., I — 1 and all n, k as in the 
statement of the lemma. The strong Markov property gives 

B x [5(n,fc,/,t);e-5/o CTfc n^)^" 



n-2 



= E-[5(n,p,/-l,t),5(p,fe,l,t);e-Ho CTp n^s e -|r^(x fl K. 

p=k+2 

< ]T B x [s(n,p,l-l,t),S(p,k,l,t + a p );e-yo P V(x s )ds e -hf: p k V(x s )ds 

p=k+2 
n-2 

E* \s(n,p,l - l,t);e-yo P Vi^ds^x^ k^^j-e-i^W 

p=fe+2 

By the induction hypothesis and Lemma 13.41 (1) the last sum is bounded above by 

n-2 n 

E__l 31 



2 l - 1 g n - 2 Jr 

p=k+2 m z JU P 



v{y — x)-^- — — / v(z — y)dzdy. 



2g P 



lp-2 jR k 

Hence, Fubini's theorem and Assumption 12.11 (3) give that 

C31 C31 C*28 



S{n,k,l,t);e^^ v ^ ds 



< 



2 l g n -2 g no 



n-2 



Y / u (y ~ x ) u ( z ~ y) d v dz 



p=k+2 " R P 



C31 4(730^28^3 f , \ 7 

< t: { / v{V ~ x ) d V 

2'5n-2 g no jR k 



< 



C3I 



2 l g 



n-2 jR k 



v{y - x)dy. 



□ 



3.3. Estimates of A-subaveraging functions 

Proof of Theorem^ Recall that C 21 = C 21 {X,V), C 22 = C 22 (X,V) and C 29 = C 29 (X,m) are 
the constants in (|3.ip and Lemma 13.41 (2), respectively. For the rest of the proof we set: 

C = C(X) :=2(lV Ms ^ CT )>2 

= c(i) (x) := max 1 < m < 2 C 29 > 1 

C (2) = C ( 2)(x) := J (1 A (J B(01)c u(y)dy)- 1 ) < \. 
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It is worth to note that J B ^ Q ^ c u{y)dy < 1/4. For n G N also denote <? n := \ni\ y \ >n Vo{y) with 
Vo = V — A. Let no be a natural number satisfying the assumptions of Lemma 13.61 for the potential 
Vq and the sequence (g n )n€N, and such that 



(3.9) max (c 31 ^ (j^ ^ u(y)dy V C 2 C^j + 



C( 2 ) 



,2(A + C 22 ) <9n , 



where C31 is the constant from Lemma 13.61 We will show that 



(3.10) 



tp(x) < C \\tp\\ 



u(y — x)dy for \x\ > hq + 3, 



for all p E N. If this holds, then by taking the limit p — > 00 and using Assumption 12.11 (1) the 
theorem follows. 

We use again induction. For more clarity we divide the proof of (|3.10p in two steps. 
Step 1 : First we show that the bound (|3.10p holds for p = 1. We have 



<p(x) < e xt E x \e-ti v{ - Xa)ds v(X t )\ < IMI^E* 



f*Vo(X s )<U 



, x G R , t > 0. 



To get an upper bound on the latter expectation, let n — 1 < |x| < n, n > uq + 4. For all t > we 
have 



(3.11) 



e-Jo* < E x [r n > t ;e - J? 

n— 2 00 



i^^E 1 [5(n,fc } l,t),7* >t ;e -/o 

k=no 1=1 



Clearly, by (|3.9p the first term at the right hand side is estimated directly by 



P X (T n > t) e -2(A+C 22 ) i < e -(A+C 22 )t_ 



Lemma 13.61 and (|3.9|) yield for k > n + 2 



S(n,k,l,t),r k > ije^W 



< E 



S(ra, A;, /, t), r fe > t; e~i /o " ^o(X s )<fe e -i / v (* s )d fl 
< e -(A+c 22 )t E:c ^^^^jje-l^W* 

/ v(y-x)dy. 



< ^31^ g -(A+C 22 )i 



5«o 



2' 
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Similarly, by the strong Markov property, (|3.ip . Lemma [3, 61 and Lemma [3.41 (2). we have for k = uq 
and k = uq + 1 (recall r no = r„ 0+ i = oo) 

S(n,k,l,t),T k > t;e~foMXs)ds 



< e xt E x 



e At E 



e \t B x 



S(n, k, I, t); e" ^ V^X.)*^** vc(x.)d. 
5(n,fe,M);e-/o CTfc ^)^ e /r fc ^^) rfs 



S^n, A;, Z, i); e~ & k ^( x «) ds E x ° 



J^V-(X s )ds 



< C 21 e( A+C22 )*E- S(n,M,t);e-5/o fc 2V(x s )^ 



< 



< 



2C2iC , 3iC'- 1 ^ 



9no 2' 



; (A+C 22 )t / ^ _ 



By putting together the above estimates and choosing 

t 



2(A + 

in (|3.11|) . and using (|3.9|) we conclude that 

<P(x) < IkIL [ (C( 2 ) f u{y-x)dy 



L^\og{c^ u(y-x)dy ) j >0 



1/2 



1/2 n-2 



9n \ JR nn J , =r ,,r,JR k 



+ 



< \\<p\ 



< 2 \\ip\ 



9n 



9n 



fc=no+2 ' 
1/2N 



v(y - x)dy 



Rn 



(l + —(f v{y)dy + 

\ 9n \yJB(0,l) c 



1/2 



Rnn 



v{y - x)dy 



1/2 



Rn 



v(y - x)dy 



which completes the first step. 

Step 2: Suppose now that (13. lOf) holds for p. We prove that it is also satisfied for p+ 1. We consider 
two cases. First let no + 3 < |x| < tiq + 4. Denote xq = ((no — l)/|x|)x. Then by the fact that 
1 < \y — x\ < 6 for y £ B(xq, 1) and by Assumption 12.11 (2), we have 

i/((6, 0,...,0))|J3(0 S l)j 



C 2 



< 



B(x ,l) 



v(y - x)dy < v(y - x)dy. 



R-n 



By using this estimate and the definition of C, it is immediate to obtain the bound 

\ Efi 1 2- 1 



<p(x) < <C\\(p\ 



Rn 



>{y - x)dy 



29 



Let now n — 1 < |x| < n, n > tlq + 5. Similarly as before, for all t > we have 
<p(x) < E x [r„ > t;e-ti v °^ ds <p(X t ) 

n— 2 oo 

+ E [s(n,M,t),^>*;e~^ oW *vM 



(3.12) 



fc=no i=l 



By (|3.10p . (|3.9p and Lemma [3.4l (l). the first term on the right hand side of f)3. 12|) is bounded above 
by 



-2(A+C 22 )i gup ^ z) < e -(^C 22 )t CM ^ 



\z\>n-2 



sup 

\z\>n~2 \JRn 



\ Ef =1 2" 

z/(y - z)dy 



< e-^'^C^s |ML (f v{y- x)dy 



By the same arguments, Lemmas 13.41 (1) and 13.61 Assumption 12.11 (2) and Fubini's theorem we also 
have for k > tiq + 3 



S(n,k,l,t),r k > t;e-ti Vo ^ ds cp(X t ) 



< sup p^E* \s(n, k, I, t),T k > t; e~3 /<T* Vb(x.)«fa e -| /* F (X s )<fe 



sup 

\z\>k-2 \JRn 



v{y - z)dy 



\ Ef =1 2" 



< ^31 e -(A+C 22 )t sup 



< 



CC31C2C28 

9^ 



v{y - z)dy 



\z\>k-2 \JR no 
(A+C 22 )t [ f 



B x 

1-2-P 

_2-p 



R k 



v(y - x)dy 



S(n,kJ,t);e-2lo k yo(x s )d 

v(z — x)dz 

u{y — z)v{z — x)dzdy. 



Similarly, by the strong Markov property, Lemmas 13.61 and 13.41 (2). we estimate the expectations 
for no < k < no + 2 to obtain 

E* [S(n,k,l,t),r k > t; e-ti Vo ^ ds <p(X t ) 



S(n, k, I, t); e" W^e^** v ~ {x ^ 
S(n,kJ,ty,e~fo k V(x s)ds jtr k y-^ 



e Hi 



J*V-(X s )ds 



< a 



21 



< 



< 



C21C31 

9no^ 
2C21C31C'' 1 -' 



3 (A+C 22 )t / V (y_ X } d y 

J R k 



(A+C22)< / u(y - x)dy. 
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Combining the above estimates and choosing 



^(^sC)- 1 + 2-(p +1 ) log (c® jf u(y - x)dyj j > 



in (|3.12p . by Assumption 12.11 (3) and (|3.9p we obtain 

f(x) < \\(p\L 



'(y - x ) d y 



Rn 



+ 



+ 



C3lC2 



9n Rtiq 
6C21C31C C28C^ 



v{z — x)dz 



2-(p+!)— 2~ p 



/ X] / ^ ~ ~ X ^ dy dZ 

jR "0 \k=n +3 JRk J 



, ,, ,1 / -, . C31C2C3 . 6C , 2lC3iCC28C , ( 1 ) 
< Halloo 1 + + 



)v^P+l 9-1 



9n C( 2 )g no J 

which completes the proof of the theorem. 

Proof of Theorem \2.S\ . By integrating in the equality e~ xt (p(x) = e~f° v ^ Xs ^ ds ip{X t ) 
(0,oo), it follows that 

<p(x) = \G v <p(x), x € R d , 
and by (|3.3p applied to / = <p, D' = ~R d , D = B(x, 1), we obtain 

(3.13) <p{x) = XG v D ^{x) + B x \e~ti D v(x ° )ds <p{X TD )} , x G R rf . 



□ 



over t G 



We now prove assertion (1). Let R > 2 be large enough so that V{x) > for |x| > R — 1 and the 
assertion of Theorem 12.11 for the A-subaveraging function \ip\ holds. Let \x\ > R + 2. By (|3.13p . we 
have 



\<p(x)\ < \Gl\<p(x)\ +B X [e v (r D )\<p(X. 



TD , 



I + 11. 



By Theorem 12.11 applied to we have 



I < CG v D l{x) sup \<p(y)\ < C G v D l{x)v{x), 

y&D 



with C = C(X, V, A). To estimate II first note that by Theorem 12. 1\ Assumption 12.11 (1), (3), 
the Ikeda-Watanabe formula and the fact that sup 2€ £> E z [td] < E°[rg( ,2)] < °°i we have for 
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z G D\B(x,3/4) 
(3.14) 

W [e v (T D )\<p(X TD )\] < E 2 [\ V (X TD )\;X TD G 2)\Z>] + E 2 [\<p(X TD )\; X TD G B(x,2) 



<C\\\y\\ 00 v{x) + j D G D (z,y) 
<C\\\ l p\\ 00 u(x) + E z [r D ]J B 



\tp(w)\u(w — y)dwdy 



B(x,2) c 

\tp{w)\v{w — x)dz 



v{w)v{w — x)dz + / — 

'B(0,R) c nB(a:,2) c J B(Q,R) J 

with C = C(X, V, A). Thus by using Corollarv l3.ll the above estimate, Theorem 1 2 . 1 1 and Assumption 
1531(1). (3), we finally have 



'DnB(x,3/4) c 



II < CG v D l(x) [ I 

<c initio*) \ v{x) 



E z [e v (T D )\(p(X TD )\]v(z - x)dz + / \(p(z)\v(z - x)dz 



DnB(x,3/4) c 



v[z — x)dz + 



D C I1B(0,R) C 



v{z)v{z — x)dz 



+ 



B(0,R) 
V- 



v{z — x)dz 



KCM^G^lixMx), 

where C = C(X,V,X). We conclude that \tp(x)\ < C 5 {{(fW^ G^l(x)u(x) for all \x\ > R + 2, with 
constant C5 = C^(X, V, A). Now consider (2). Again, by (|3.13p . strict positivity of ip and Corollary 
13.11 we have 



<p(x) > E x 



WXm)] > C^G V B{X x) l{x) ( <p(z)v(x - z)dz, \x\ > R. 



By Assumption 12.11 (1), the last integral is greater than Cv{x) f B , Q ^ ip(z)dz and the required 
inequality follows again from the positivity of if with constant Cq = Cq (X, (p) . □ 



3.4. Eigenfunction estimates 



Proof of Theorem \2.3l Let 77 > be such that Ao + r\ > and let n > be fixed. We thus clearly 
have (pn(x) = e xt ~E, x [ev+r){t)<Pn{Xt)], x G R d , with A = A n + r] > Xq + r\ > 0, and the result 
immediately follows from Theorem 12.21 (1) for <p = <p n . □ 

Proof of Theorem \2.4\ Let r\ > be such that Ao + f? > 0. The result directly follows from Theorems 
E3]and[22] (2) for ip = p > and A = A + X) > 0. □ 



3.5. Intrinsic ultracontr activity 

Proof of Theorem \2.5[ First we prove (1). By a standard argument based on the duality and sym- 
metry of T t we have ||T t ||i_ > 2 = ||^t || 2— s-oo ■ Since ||Tt || 2-^00 < 00, by the semigroup property it is 
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straightforward that also \\T 2 t >oo < ll^to Hi— »-oo- Hence 

T 2t0 l(x)=T 2t0 ( — )(x)<C t0 , 

since by Theorem 12.31 we have 1/Vo £ L 1 (R d , tpydx) . Hence the implications io-IUC => 2io-GSD 
and IUC => GSD follow. To show to _ GSD 2to-IUC (to > it suffices to observe that for all 
/ € L 2 (R d , (p%dx) we have 

r 2to C/Vo)(aO = T t0 T tQ {fw)(x) < T to i( x )\\T to ||2_ooll/l|2 < cyi/lhyoOs). 

The last inequality follows from [|Tj H2— >-oo < °o> coming from the boundedness of p(to, x) in x G R '. 
Moreover, since GSD means i-GSD for all t > 0, assertion (2) of the theorem follows again by the 
latter estimate. □ 

Lemma 3.7. Let V be a X-Kato class potential, non-negative outside a bounded subset of~R d . Let 
A ssumptions 1 2. L\\2. !A be satisfied and consider the following two conditions: 

(1) There exist C32 = C32 (X, V, t) and R > such that 

(3.15) T t l(x) < C 32 u(x), \x\ > R. 

(2) There exist C33 = C^^X, V, t) and R > such that 

(3.16) T t l{x) < C 33 G v B{Xil) l{x) v(x), \x\ > R. 

Statements (1) and (2) are equivalent in the following sense. If (2) is true for some t = s > 0, then 
(1) also follows for t = s. If (1) holds true for some t = s > 0, then (2) follows for t = 2s. 

Proof. For the proof of the implication (2) =>• (1) it suffices to note that there is R > large enough 
such that G^ {x l) l(x) < G° B(x l) l(x) = W[t b{Xi1) ] = E [r B(0il) ] < 00 for \x\ > R. 

For the converse implication we suppose that (1) holds for some t/2 > and find R± > R V 2 
such that V{x) > for |x| > R\ — 1. Denote D = B(x, 1) and let \x\ > R\ + 2. By Lemma 13.21 and 
Corollary 13 .1\ we have 

7; > TD;e v (t) 



Ttlx) = E a 



- < T D ;e v {t) 



<C \ G v D l{x) supr t/2 l(y)] + W[e v {T D )T t/2 l{X TD )] 
\ yeD J 

< C G v D l{x) [ sup T t/2 l(y) + [ B z [e v (r D )T t/2 l(X TD )] u{z - x)dz 

\y£B{x,l) J B(x,l)nB(x,3/4) c 

+ / T t/2 l(z)v(z - x)dz + sup T t/2 l(y) u(z - x)dz\ . 

J B(x,l) c nB(0,Ri) c yeB(0,Ri) J B{0,Ri) J 

Notice that by using (1) and exactly the same arguments as in (|3. 14[) applied to \(p(-)\ replaced by 
T t/2 1(-) we get 

(3.17) E z [e v (T D )T t/2 l(X TD )] <Cv{x), z G D n B{x, 3/4) c , 

with constant C = C(X,V,t). Thus, by estimate (1), Assumption 12.11 (1), (3) and (I3.17p . we 
conclude similarly as in the proof of Theorem 12.21 that 

T t l(x) < C G v B{xX) l{x) u(x), \x\ >Ri + 2, 

with C = C (X, V, t) , which completes the proof. □ 
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Theorem 3.1. Let Assumptions \2.I\\2.4\ hold. If there exist a constant C13 and R > such that 

V(x) 



(3.18) 



> C13, M > i?, 



I log v(x)\ 

then the bound (|3. 15[) ZioWs /or all t > t$ = 2/C13. -tf> moreover, 
(3.19) lim 1 ( ' r) 



|i|->oo I log v{x) 



OO, 



i/ien this bound holds for every t > 0. 



Proof. First assume that the inequality f|3. 18j) is satisfied for R > 0, and denote to = 2/C13. Choose 
uq > R large enough such that 



C 2 ^((n,0, ...,0)) < 1 and 26 < g n := inf V(y) for n > n , 

\y\>n 



and 



C3C28C31 < # no , 

where C31 is the constant and #0 is the parameter from Lemma 13.61 Thus the assumptions of 
Lemma 13.61 are satisfied. Moreover, by (|3.18p and Assumption ^. II (2). 

(3.20) g n > -d 3 log(CWM,...,0))) for n > n . 

We show that for every t > to condition (|3.15p holds. Let n — 1 < |x| < n, n > no + 4 and t > to. 
We have 

n— 2 00 

(3.21) T t l{x) < E x [r„ > t\ e~ v ^ ds ] + ^ j^E 3 " [s(n, fc, /, t), r fc > t;e~ ^V(x s )d s _ 

k=no 1=1 

By (|3.2(jp and Assumption ^. II (1), the first term at the right hand side can be easily estimated by 

P X (T n > t)e~ t9n - 2 < e C 1 3tlog(Cai/((n-2,0,...,0))) < C?C 2 i/(x). 

Similar arguments and Lemma 13.61 also yield 



S(n,k,l,t),T k > t;e-ti v{Xa)ds ] < B x \s(n,k,l,t),T k >t;e 



-i/o'* V{X s )ds e -\j t V{X s )ds 



v{y)v{y - x)dy 



< 



^1^2^31 



for A; > no + 2. For E {no, no + 1} we have 



B x 



S(n,k,l,t),T k > t;e--fo v (Xs)ds 



< W 
= E x 
= B x 



S(n, k, I, t); e~ ^ v + (X.)d. e f»'>> v(x s)ds 



S(n,k,l,t);e-ti kv( - x ^ ds E x ^ 



JtV-(X s )ds 



< C 2 ie C22t B x 
C 2 iC 31 e c ' 22t 



< 



2*g. 



S(n,k,l,ty,e-Uo k 2V(x a )ds 
v(y - x)dy, 



n jR k 
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by the strong Markov property, f)3. 1 1) and Lemma 13.61 Thus by Assumption 12.11 (1) and (3), the 
second term at the right hand side of (|3.2ip is bounded above by 

n—2 oo 

E E " [S(n,k,l,t),r k >t;e-^v{x s )ds] 



k=no 1=1 

' no+1 f. n—2 



< 



iAJ 1 I b\J | J- n Ih n 

l_i \ l J Rk J i n J Rk. 



1=1 \k=n Rk fc=n +2' 



< Cu(x), 

where C = C(X,V,t), and the first part of the theorem is proved. The second assertion follows 
from the first part by observing that (13.190 implies (13.180 with arbitrarily large constant C13. □ 

Proof of Theorem \2.(A We first prove (1). By Theorem 13. H Lemma 13.71 and Theorem 12.41 there is 
R > such that for all \x\ > R condition (|2.5p holds with to = 4/C13. The same is true for \x\ < R 
by boundedness of T t l, and by continuity and strict positivity of ipo. 

To prove (2) fix e G (0, 1] and first note that for every t > we have P°(i < T B ( ,e)) > 0- This 
positivity property follows from [68J for small t > and extends to all t > 0. By definition of 
to-GSD and Theorem 12.41 there is R > such that 

e -to B »P|„-.l<.^) P *(t < TB{X£) ) < Tto l(x) < CVo(z) < Cu(x), 

with C = C(X, V,to), for all \x\ > R. Thus, by the fact that | logi/(x)| — > 00 as \x\ — > 00, we can 
choose R e > R large enough such that 

^V\y-x\ <e V{y) ^ 1 / , l ° S P U (t <T B(th£) ) \ > 1 



\\ogu(x)\ t \ \logu(x)\ I 2i 

for |x| > R e , which gives the required bound. □ 



Proof of Theorem \2.7[ To prove (1) observe that for any t > we can find R > such that 
V(x) > (4/t)| log f{x)\ for \x\ > R, and we can proceed in the same way as in the proof of (1) of 
Theorem 12.61 

When the semigroup {Tt : t > 0} is IUC, then by the same arguments as in the proof of Theorem 
12.6( 2) for every t > there is C = C(X, V, t) such that we have 

SUP|j,-x|< £ V(V) > l( 1 _ lQg P°(t<r B( o, e) ) 

|logz^(x)| — t \ I log v(x) I 



\x\ > R, t > 0, 



for some R > 0. Thus liminf^i^oo SUP | I j g|j(^.)[^' > = \i t > 0, which completes the proof. □ 

Proof of Proposition [Ol Denote D = B(xq,e) and let M = sup yeD V{y). By assumption (1) and 
Lemma [3T3l liuiy^x pi)(t, x, y) = 00 for every x G D. Using this we can derive that the transition 
operator of the process (X t )t>o killed in D, i.e., P t D f(x) = f D pD(t,x,y)f(y)dy, f G L 1 (D), is not 
bounded from ^(D) to L°°(D). Since for / > we have 

T t f(x) > W \e-ti v ^ ds f{X t );t< r D ] > e~ Mt [ p D (t,x,y)f(y)dy, x G D, 
1 J Jd 
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this clearly means that T t is not a bounded operator from L 1 (R rf ) to L°°(R <i ) as well. Thus also 
T t /2 cannot be a bounded operator from L 2 (R d ) to L°°(R d ). □ 

Proof of Theorem \2.8[ First assume that the potential V is such that the semigroup {Tt : t > 0} is 
to-GSD. From Corollary 12.31 (2) we directly derive that there is R > such that 2C\4toV {x)v{x) > 
— v(x) log v{x), for all x £ B(0,R) c . By integrating in this inequality with respect to Lebesgue 
measure over an arbitrary Borel set A C B(0,R) c , we obtain Fj Cl4 '° y (i/) > 0. 

Consider the converse implication. Since for some to > 0, R > and any Borel set A C B(0,R) c 
we have j A v(x) (| log v{x)\ — toV(x)) dx < 0, the bound | log v{x)\ < toV(x) holds for almost every 
x £ B(0,R) c . By Assumptions 12.11 (1) and 12.51 it is immediate to deduce that there is R% > 1 such 
that |logz/(x)| < 2C u t V(x) for all \x\ > R x . Again, by Corollary O (2), this implies 8Ci 4 t -GSD 
of {T t : t > 0}. □ 
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